A0-A174  323  ASYNCHRONOUS  DISCRETE  CONTROL  OF  CONTINUOUS  PROCESSES  1/3 
CU>  NORTHEASTERN  UNIV  BOSTON  KR  HE  KALISKI  24  FEB  8C 
HF0SR-TR-86-2B32  F49620-82-C-8888 


UNCLASSIFIED 


F/O  9/4 


AD- A 174  525 


v 


AFOSR-TR*  6  6-^052 


Asynchronous  Discrete  Control  of  Continuous  Processes 

Martin  E.  Kaliski 
FINAL  TECHNICAL  REPORT 
Contract  F49620— 82— C— 0080 


Prepared  by:  Northeastern  University 

360  Huntington  Avenue 
Boston,  MA  02115 

Prepared  -for:  Mathematical  and  In-formation  Sciences 

Directorate 

Air  Force  Office  of  Scientific  Research 
Bolling  AFB 
Washington,  DC  20332 


Approved  for  public  release ; 
distribution  unlimited. 


AIR  FCV-ZF.  C ,y? 

notice r.-  :-,,r-:!T 
This  tor  f.  -i-!  ■.  .*■. 

appro” 

Dlstri-  .  .--si 

MATT.!iE'w  -si 


c-Trv-rpTc  RESEARCH  (AKSC) 

‘  T.  *T'»  T«0  ♦  •' 

'•  ’•?*.  '  -evteved  and  is 

'  'e  IA1V  A?‘R  190-12. 
imi  ic-d. 


Chief,  Tech-  icnl  Information  Division 


DT1C 

ELECTE 
NOV  2  6 1986 


86  11  25 


rsFFy 

V’ 

S&S-S; 


SV* 


v.v 

/.V> 


•\V.  fj 


>  .»  /  > 


3  7  \ 


vV>v 


.■•A.'-.V 


y-.  aV-.-aV.^  <.^0  i*  A*  v*  v  »-•  c 


DISCLAIMER  NOTICE 


THIS  DOCUMENT  IS  BEST  QUALITY 
PRACTICABLE.  THE  COPY  FURNISHED 
TO  DTIC  CONTAINED  A  SIGNIFICANT 
NUMBER  OF  PAGES  WHICH  DO  NOT 
REPRODUCE  LEGIBLY. 


REPORT  DOCUMENTATION  PAGE 


1*  report  security  classification 

Unclassified 


2*.  SECURITY  CLASSIFICATION  AUTHORITY 

N/A 


3».  OECLASSIFICATION/OOWNGRADING  SCHEDULE 

N/A  _ 


4.  PERFORMING  ORGANIZATION  REPORT  NUMBERIS) 


1b.  RESTRICTIVE  MARKINGS 

N/A 


3.  OISTRIBUTION/A VAI LABILITY  OF  REPORT 

Unlimited 


S.  MONITORING  ORGANIZATION  REPORT  NUMBERIS) 

AFOSR.TK.  8  6-i5  05 


6a  NAME  OF  PERFORMING  ORGANIZATION 

Northeastern  University 


6c.  AOORESS  fCily.  Stale  and  ZIP  Coda) 

360  Huntington  Avenue 
Boston,  MA  02115 


b.  OFFICE  SYMBOL  7a  NAME  OF  MONITORING  ORGANIZATION 
(if  aDDlicoblt ) 

.  Air  Force  Office  of  Scientific  Research 

423-LA 


7b.  AOORESS  (City.  State  and  ZIP  Coda) 

Bolling  Air  Force  Base 
Washington,  DC  20332-6448 


Sb.  OFFICE  SYMBOL  9.  PROCUREMENT  INSTRUMENT  IDENTIFICATION  NUMBER 
(If  applicable)  , _  _ 

nm  -C-OOQ3  o 


8c.  AOORESS  I City ,  State  and  ZIP  Coda) 

Bolling  Air  Force  Base 
Washington,  DC  20332-6448 


11.  TITLE  (include  Security  Classi fication )  Asynchronous 

Discrete  Control  of  Continuous  Processes 


ia.  PERSONAL  AUTHORIS) 


10.  SOURCE  OF  FUNDING  NOS. 


PROGRAM 

PROJECT 

TASK 

WORK  UNIT 

ELEMENT  NO. 

NO. 

NO. 

NO. 

33°  4 

.41 

13b.  TIME  COVERED 

14.  DATE  OF  REPORT  (Yr„  Mo..  Day) 

FROM  7/1/82  TO 

tvJJktVi: 

5  2/24/86 

15.  PAGE  COUNT 
201 


COSATI  COOES 


GROUP 


18.  SUBJECT  TERMS  (Continue  on  reverie  if  neceuery  and  identify  by  block  number ) 

coding,  automata  theory,  discrete  control,  switching 
theory,  feedback  control 


ABSTRACT  (Continue  on  reverie  if  neceuery  and  identify  by  block  number) 

This  research  concerns  the  analysis  and  synthesis  of  asynchronous  systems  that  contain 
discrete-state  feedback  compensators  for  continuous  state  plants.  New  tools  for 
Characterizing  both  the  interfaces  and  the  signals  present  in  these  intrinsically  hybrid 
systems ^ave  beeh  developed.  Generalizations  of  automata  theory  to  real  number  alphabets 
have  been  pursued  and  the  application  of  semigroup  theory  to  the  dynamics  of  such  systems 
has  allowed  for  novel  approaches  for  characterizing  the  internal  state  of  asynchronous 
systems  to  be  derived.  A  simulator  for  these  "asynchronous  machines"  has  been  written 
and  allows  us  to  bridge  the  gap  between  ideal  systems,  on  one  hand,  and  systems  with 
physically  constrained  processing  times,  on  the  other. 


20.  OISTRI BUTION/AVAI  LABI  LIT Y  OF  ABSTRACT  21.  ABSTRACT  SECL 

unclassifieo/unlimited  E  same  as  rpt.  □  otic  users  G  Unclassified 


22a  NAME  OF  RESPONSIBLE  INDIVIDUAL 

Dr.  Robert  Buchal 


DD  FORM  1473,  83  APR  eoition  of  i  jan  73  is  obsolete.  Unclassified _ 

,4  security  classification  of  this  page 

.’ .•  V  V  v  VV  .-  V  V  V  V  v  V  V  V  V  V  V  V  V  v  V 


21.  ABSTRACT  SECURITY  CLASSIFICATION 


22b.  TELEPHONE  NUMBER 
(Ineluda  Araa  Coda) 

(202)  767-4939 


22c.  OFFICE  SYMBOL 

NM 


Table  of  Contents 


Section 


1.  The  Objectives  of  the  Research  Program 

2.  Status  of  the  Research  Program 

2.0  Introduction 

2.1  Simple  Asynchronous  Machines 

2.1.1  The  Model 

2.1.2  The  Simulator 

2.1.3  Physical  Constraint  Modeling 

2.1.4  Real-Time  Multitasking  Systems 

2.2  Asynchronous  Time  Signals 

2.2.1  Generative  Models 

2.2.2  Recursive  Models 

2.2.3  Physical  Constraint  Modeling 


Accesion  For  | 

NTIS  CRA&I  tj 

DTIC  TAB  □ 

Unannounced  □ 

Justification 

•  . . — 

By  . 

Dist  ibution  / 

Amiability  Cooes 

i  Avc:;  ei  .o  i  or 
Di'jt  j  Special 


$ 


Section 


2. 3  Asynchronous  Coders 

2.3.1  Incorporating  Time  into  the  Coder  Model 

2.3.2  Fi nitary  Asynchronous  Coders 

2.3.3  Linguistic  Models  -for  Coders 

2.3.4  Invariants  in  Finite-Automata  Theory 

2.4  Topics  Not  Completely  Addressed 

2.4.1  Finite-State  Controller  Design 

2.4.2  Characterizations  a-f  Coder  Behavior 

2.4.3  Feedback  Connections  of  SAMs;  Stability 

2.4.4  SAMs  and  Quantized  Continuous  Systems 

3.  Publications 

4.  Personnel 

5.  Interactions 

6.  Appendices 

6.1  The  SAM  Simulator 

6.2  Additional  Publications 


1 


The  Objectives  of  the  Research  Program 


The  broad  objective  o-f  this  research  has  been  to  derive 
mathematical  analysis  and  design  techniques  -for  asynchronous 
dynamic  systems  with  hybrid  (continuous/discrete)  state 
spaces,  with  specific  application  to  the  synthesis  of 
finite-state  controllers  for  continuous  state  plants.  Long 
term  applications  to  such  application  intensive  problems  as 
robotics  or  manuf acturing  engineering  have  formed  a 
motivating  tool  for  these  efforts. 

This  research  program  has  had  a  long  history  and,  prior 
to  this  contract,  was  funded  by  AFSC  under  contract  number 
F49620-80-C-0002.  This  prior  contract  focused  on 
essentially  the  same  issues,  but  for  synchronous  systems. 
As  with  the  prior  contract  the  current  research  program  has 
been  characterized  by  a  need  to  re-examine  certain 
fundamental  concepts  of  system  theory  in  a  non-tradi tional 
setting.  This  has,  at  times,  appeared  to  have  slowed  down 
the  pursuit  of  its  principal  research  objectives,  as  well 
as  hamper  the  publication  of  its  results.  Nonetheless,  a 
firm  theoretical  groundwork  has  been  laid  for  future 
research,  and  this  groundwork  comprises  a  creative  fusion  of 
ideas  that  is  both  innovative  and  significant. 

The  typical  finite-state  control  environment,  often 
realized  by  a  microprocessor — based  controller  and  analog-to- 
digital,  and  digi tal-to-analog  converters,  is  a  hybrid 
environment.  The  state  space  of  the  plant  is  usually 
continuous  in  nature,  and  the  plant's  state  space  may  indeed 
evolve  continuously  in  time  as  well.  The  controller,  by  its 
very  nature,  operates  over  a  finite  state  space,  with  a 
discrete  evolution  of  this  state  in  time.  When  the  control 
action  takes  place  asynchronously,  driven  by  the  occurence 
of  external  events,  the  times  of  event  occurence  themselves 
enter  into  the  system  modeling  problem. 

The  convenience  of  developing  software  for 
microprocessors  has  led  to  a  prolif eration  of  ad  hoc  methods 
for  designing  controllers,  and,  worse,  has  led  to  a  false 
sense  of  security  about  correcting  easily  any  problems  that 
might  arise  in  their  performance.  Such  problems  certainly 
do  exist,  ranging  from  "straightf orward"  ones  such  as 
accuracy  problems  arising  from  roundoff  errors,  to  more 
subtle  ones  involving  pseudo-chaotic  behavior  and  other 
cycling  phenomena  in  the  plant's  state  space.  This  project 
has  viewed  the  absence  of  a  fundamental  characterization  of 
the  dynamics  of  these  hybrid  systems  as  the  underlying  cause 
for  these  problems.  Thus  a  call  for  fundamental  system- 
theoretic  research  was  made. 

In  broadest  terms  this  research  program  has  thus  been 
aimed  towards  modeling  and  understanding  the  nature  of 


asynchronous  hybrid  -feedback  systems.  It  has  been 
concerned  with  addressing  three  general,  related  questions: 

Question  1:  How  does  one  characterize  the  (hybrid)  finite- 
state  controller  as  a  dynamic  system,  operating 
asynchronously  in  time? 

Question  2:  How  does  one  model  the  interfaces  between  the 
plant,  on  the  one  hand,  and  the  compensator,  on  the  other 
hand?  (We  term  these  the  coder  and  the  decoder) 

Question  3:  How  does  one  use  this  acquired  understanding  to 
effectively  design  compensators  directly,  and  not  indirectly 
as  finite  approximations  to  more  conventional  continuous 
compensators? 

To  address  these  questions  new  tools  for  modeling  and 
analysis  had  to  be  developed,  and  were.  These  tools 
involve  generalizations  of  classical  automata  theory  to  real 
number  alphabets  and  the  application  of  semigroup  theory  to 
asynchronous  dynamics.  The  results  of  these  endeavors  are 
discussed  in  Section  2. 

As  the  project  unfolded  it  became  apparent  that  most  of 
the  effort  would  of  necessity  be  directed  towards  addressing 
the  first  two  of  these  questions.  They  had  to  be  addressed 
first,  and  lack  of  time  prevented  substantial  progress  from 
being  made  on  Question  3. 

The  research  into  answering  Questions  1  and  2  has 
uncovered  exciting  areas  of  general  research  in  hybrid 
system  theory  and  in  the  theory  of  asynchronous  systems. 


>» 


2.  Status  of  the  Research  Program 


2.0  Introduction 

The  -fundamental  goals  o-f  the  research  program  have  been 
stated  above.  It  became  apparent  quite  early  on  that  much, 
i-f  not  all  o-f  the  time,  would  o-f  necessity  be  spent  in 
developing  key  concepts  as  opposed  to  designing  in  detail 
speci-fic  controllers.  The  research  efforts  in  this  respect 
must  be  regarded  as  being  successful.  Key  structures  and 
models  in  the  hybrid  system  environment  have  been 
identified.  A  firm  groundwork  for  future  work  in  this  area 
has  been  laid  because  of  this.  Much  of  this  work  has  been 
published,  submitted  for  publication,  or  presented  at 
professional  meetings.  References  to  this  material  replace 
substantive  discussion  below,  since  copies  of  this  material 
have  either  been  sent,  or  will  be  sent  concurrently  with 
this  document  (as  Appendices) ,  to  the  Program  Manager. 


2.1  Simple  Asynchronous  Machines 


In  dealing  with  asynchronous  finite-state  controllers 
it  is  necessary  to  understand  asynchronous  finite  automata 
from  a  viewpoint  that  is  both  fundamental  .and  general . 
Traditional  approaches  to  characterizing  asynchronous 
finite— state  automata  have  generally  been  concerned  with  the 
state  transitions  of  such  systems  (and  problems  related  to 
such  transitions,  such  as  races),  but  not  with  a 
fundamental  analysis  of  the  evolution  of  the  state  as  a 
finite-valued  function  in  time.  These  issues  were  addressed 
in  a  direct  manner  wherein  the  role  of  event  occurence  time 
is  explicit,  and  wherein  physical  contraints  can  be  imposed 
in  a  direct,  manageable  way. 

2.1.1  The  Model 

As  detailed  in  one  of  our  recent  papers  *  the  simple 
asynchronous  machine  (SAM)  is  a  particular  model  of  a  more 
general  finite  automaton  based  upon  semigroup  properties 
that  explicitly  deals  with  the  time  of  an  event  as  well  as 
its  effect  on  the  future  behavior  of  the  machine.  It 
consists  of  a  finite  number  of  digital  function  generators 
(DFGs)  that  are  called  into  play  as  input  changes  occur. 
These  generators  model  asynchronous  patterns  of  state 
values,  and  play  a  role  in  SAM  characterization  analogous  to 
the  impulse  response  functions  of  linear  system  theory.  The 
SAM  model  makes  minimal  a  priori  assumptions  concerning 
temporal  spacing  between  events  or  continuity  of  system 
state  at  times  of  input  transition.  This  generality  allows 
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us  to  address  fundamental  realization  issues  -for  SAMs,  which 
has  been  done  and  documented  1 • 1 *  . 

The  key  concept  in  the  SAM  model  is  that  each  input 
transition  triggers  a  "cascade"  o-f  subsequent  state 
transitions  which  is  pre-determined  by  the  machine  structure 
—  these  cascades  are  embodied  in  the  DFGs.  The  cascades 
may  be  overwritten  by  cascades  due  to  subsequent  input 
transitions,  so  that  the  output  timing  reflects  a  sequence 
of  cascades  keyed  to  input  transition  times.  Various 
archi tectural  conf igurations  for  generating  the  fundamental 
state  transition  sequences  were  explored  and  are  described 
in  the  cited  references.  The  "hybrid  stack"  model  of  the 
DFG  is  used  in  the  simulator  described  in  the  following 
section. 

2.1.2  The  Simulator 

It  was  important  to  validate  the  utility  of  the  SAM 
model,  for  abstraction  merely  for  the  sake  of  abstraction  is 
of  little  value.  A  simulator  was  developed  for  this  purpose 
and  is  detailed  in  the  Appendix  of  this  report.  Building 
upon  an  earlier  incomplete  version  written  in  Pascal,  the 
working  simulator  is  written  in  GWBASIC  for  the  AT&T  6300 
Personal  Computer  and  exploits  the  powerful  graphics  of  this 
version  of  Basic  to  allow  meaningful  examples  of  SAMs  to  be 
developed,  simulated  and  displayed.  The  hybrid  stack  model 
of  the  DFG  is  used  in  this  simulator  and  it  has  been  run  on 
a  variety  of  examples.  Its  use  in  modeling  the  behavior  of 
a  ripple  counter  and  a  UART  are  reported  as  representati ve 
examples  in  the  Appendix  to  this  report.  A  copy  of  the 
User's  Manual,  Programmer's  Manual,  with  listings,  as  well 
as  a  diskette,  accompany  this  report. 

The  current  simulator  is  limited  to  single  input, 
single  output  systems.  Work  to  extend  the  simulator's 
capabilities  to  handle  multiple  input,  multiple  output  SAMs 
is  currently  under  way,  as  part  of  a  Master's  thesis 
project.  This  thesis  will  be  completed  by  June,  1986,  and 
a  copy  will  be  sent  to  AFSC  upon  its  completion.  (See 
Section  4.  for  further  details.)  The  multiple  input  SAM 
model  opens  up  the  door  for  some  important  practical 
questions  involving  how  the  SAM  is  to  process  transitions  on 
its  several  input  lines  that  are  nearly,  but  not  exactly, 
concurrent . 


2.1.3  Physical  Constraint  Modeling 

The  essential  strength  of  the  SAM  formulation  is  in 
its  ability  to  model  the  kinds  of  physical  constraints 
typically  present  in  the  di screte-control  environments 
minimal  signal  processing  times,  minimum  intervals  between 
events,  minimal  duration  far  compensator  inputs  and  outputs, 
and  so  on.  Through  the  imposition  of  such  constraints  on 
individual  digital  function  generators  and  on  the  class  of 


digital  -function  generators  as  a  whole,  one  can  begin  to 
incoporate  these  constraints  explicitly,  rather  than 
implicitly,  into  the  SAM  model  **.  Work  in  this  area  has 
just  begun.  Current  research  is  underway,  as  part  of  the 
above  referenced  Master's  Thesis  project. 

It  is  important  that  such  constraints  be  explicit 
rather  than  implicit.  To  understand  the  most  general 
interconnections  of  SAMs,  including  specifically  feedback 
connections,  it  is  most  important  that  one  not  limit  in 
advance  implicitly  the  rapid  state  transition  rates  that 
can  arise  in  such  conf igurations.  Rather  one  must  be  able 
to  model  them  theoretically  and  then  re-examine  them  in  the 
light  of  realistic  physical  processing  constraints. 

Once  one  has  addressed  the  issue  of  physical  constraint 
modeling  attention  can  turn  to  such  related  significant 
issues  of  how  to  synthesize  SAMs  using  commercially 
available  components  and  how  to  employ  modern  techniques  of 
design  automation  to  expedite  such  syntheses. 

2.1.4  Real-Time  Multitasking  Systems 

The  representation  of  asynchronous  multitasking  systems 
offers  a  specific  example  of  the  phenomena  modelled  by  the 
more  abstract  asynchronous  machines  considered  above.  s 
Here  the  interest  is  in  in  process  synchronization  by  means 
of  an  appropriate  communication  channel.  Early  work  in  this 
research  program  addressed  such  issues;  they  are  explored  in 
more  detail  in  the  cited  reference. 


2.2  Asynchronous  Time  Signals 

In  the  asynchronous  discrete-control  setting  it  is  easy 
to  see  that  the  coder  inputs  and  outputs  are,  in  effect, 
piecewise-constant  time  signals,  with  transition  times 
between  pieces  occuring  at  event-driven  times.  It  was  felt 
that  an  understanding  of  this  class  of  time  functions  was 
essential  to  characterizing  the  overall  dynamics  of  the 
asynchronous  control  system. 

Research  activity  in  this  area  assumed  several  forms, 
and  ties  in  with  the  aforementioned  simple  asynchronous 
machine  models,  for  which  signal  ranges  are  assumed  to  be 
finite.  In  the  discussion  below  the  acronym  "ATF"  stands 
for  "asynchronous  time-function". 

2.2.1  Generative  Models 

These  efforts  here  focused  on  the  development  of 
generative  models  for  the  class  of  ATFs.  Two  approaches  to 
this  modelling  problem  were  pursued.  In  the  first  approach. 


when  the  range  space  of  the  -functions  is  a  -finite  set,  the 
digital  function  generator  (DFG)  was  proposed  as  a  general 
purpose  scheme  for  generating  asynchronous  functions  of 
finite  range.  The  role  of  the  DFG  in  the  architecture  of 
the  simple  asynchronous  machine  has  already  been  noted.  As 
a  “stand  alone"  device  its  implementation  is  of  particular 
interest.  The  DFG  may  be  implemented  by  using  either  a 
"hybrid  stack"  architecture  or  by  using  a  set  of 
independently  recursively  generated  breakpoints  *. 

A  more  general  mechanism  for  generating  ATFs  with 
arbitrary  ranges  was  developed  •«1°  .  This  scheme  consists 
archi tecturally  of  a  value  generator,  a  switching  time 
generator,  and  a  signal  synthesizer.  The  value  generator 
produces  the  range  values  assumed  by  an  ATF;  the  switching 
time  generator  generates  the  breakpoints  (transition  times) 
of  the  function,  and  the  signal  synthesizer  then  outputs  the 
resulting  asynchronous  waveform  in  real-time.  This  general 
model  is  a  recent  one  that  was  created  towards  the  end  of 
the  contract  period  in  an  effort  to  encapsulate  under  one 
umbrella  both  the  various  DFG  models  earlier  discussed,  and 
the  more  general  non-f ini te— range  class  of  signals,  and  to 
allow  for  general  physically-imposed  constraints  to  be 
placed  upon  ATFs.  It  also  is  general  enough  to  allow  for 
the  generation  of  stochastic  asynchronous  time  signals. 

2.2.2  Recursive  Models 

Gome  consideration  was  given  to  the  distribution  of  the 
transition  points  of  ATFs,  since,  particularly  in  the  case 
of  recursively  generated  DFGs,  there  is  an  ergodic  flavor  to 
this  problem.  Previously  unfunded  work  of  Dr.  Kali  ski  was 
extended  to  develop  more  precise  notions  of  orbital  behavior 
and  distributions,  notions  that  might  prove  useful  in 
understanding  and  characterizing  transition  point 
distribution  somewhat  better  . 

The  key  theme  of  the  above  developments  is  that  the 
transition  times  may  be  viewed  as  generated  recursively 
under  the  iterates  of  an  appropriate  timing  generator. 
This  ties  in  as  well  with  the  above  cited  themes  of 
independently  recursively  generated  breakpoints. 

2.2.3  Physical  Constraint  Modeling 

The  essential  problem,  from  the  point-of-view  of 
modelling  realistic  plants  and  controllers,  is  to  identify 
and  model  various  physical  constraints  that  fall  upon  the 
plant-coder-control ler — decoder  ensemble.  Physical 
constraints  manifest  themselves  in  a  variety  of  ways, 
particularly  when  the  issue  of  asynchronous  systems  and 
transition  times  are  discussed.  Physical  systems  cannot 
instantaneously  respond  to  signal  changes,  nor,  it  may  be 
argued,  can  they  recognize  signal  changes  that  occur  too 
rapidly.  They  seem  to  require  a  minimal  "energy  content"  in 
signals  to  respond  to  them,  and  thus  not  only  are  signal 


amplitudes,  but  signal  breakpoint  distributions, 
constrained. 

Efforts  have  begun  to  grapple  with  this  problem  and 
the  continuing  research  e-f-forts  o-f  Northeastern  graduate 
students  will  address  these  issues.  When  resolved  one  may 
in  turn  apply  such  models  to  the  above  described  generative 
schemes  -for  ATFs. 


2.3  Asynchronous  Coders 


In  the  asynchronous  control  setting  plant  outputs  are 
sampled  at  irregular,  event-driven  times.  A  -fundamental 
question  o-f  this  research  program  has  been  to  understand  how 
to  incorporate  such  times  in  the  coder  (and  decoder)  models 
successfully  developed  -for  the  synchronous  case  under  the 
earlier  project  funding  .  The  general  problem  of  modeling 
these  interface  signals  has  been  described  above.  In  what 
follows  discussion  turns  to  how  the  interfaces  themselves 
can  incorporate  time.  The  view  that  asynchronous  coder 
design  is  but  an  extension  of  synchronous  coder  design  into 
a  higher-dimensional  space  is  postulated. 

Note  that  much  of  this  work  thus  extends  the  previously 
developed  theory  of  coder  design,  particularly  the 
decomposition  results  for  such  coders  2  and  the  related 
acceptor  models.  Also  the  viewpoint  that  coders  in  effect 
transform  sequences  of  points  with  real-valued  coordinates 
into  sequences  from  a  finite  alphabet  still  is  a  valid  one. 

The  research  program  did  not  deal  with  the  issue  of 
decoders  to  any  great  extent.  One  the  one  hand,  their 
structure  is  far  simpler  than  that  of  the  coder,  since  they 
map  finite  spaces  into  non— denumerable  ones;  on  the  other 
hand,  there  are  some  very  interesting  practical  issues  in 
developing  decoders  that  are  optimal,  according  to  various 
criteria. 


2.3.1  Incorporating  Time  into  the  Coder  Model 

By  treating  event  occurence  time  as  an  additional  coder 
input  —  one  which  always  increases,  of  course  —  one  is 
able  to  model  asynchronous  coders  as  special  types  of 
parti al 1 y-speci f ied  automata  defined  over  real  number 
alphabets  This  viewpoint  is  a  profitable 
one,  for  it  allows  the  derivation  of  necessary  and 
sufficient  conditions  for  the  finite-state  realizability  of 
asynchronous  coders.  One  terms  coders  so-real i zabl e  as 
f ini tary. 

The  derived  theory  is  an  extension  of  the  previously 
developed  theory  for  synchronous  coders,  as  noted,  and 
revolves  around  the  concept  of  tightly  structured 
input/output  maps.  This  opens  up  an  exciting  new  area  of 
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research,  which  one  can  term  invariant  theory  for  -finite 
automata  (section  2.3.4)  . 

2.3.2  Finitary  Asynchronous  Coders 

Finitary  coders  are  important  architecturally  since 
their  use  augments  the  complexity  of  the  finite  state  part 
of  the  control  system  and  not  the  continuous-state  part  3. 
Such  coders  are  always  realizable  as  a  cascade  of  a 
memoryless  quantizer  (an  "ordinary"  analog-to-digi tal 
converter)  and  a  finite  state  machine. 

It  was  the  recognition  that  event-time  serves  to  simply 
ir«  rease  the  dimensionality  of  a  coder  that  forms  the 
central  theoretical  accomplishment  of  this  phase  of  the 
research.  By  using  sample-and-hold  elements  to  "capture" 
event  times  the  asynchronous  coder  can  be  synthesized  using 
the  tools  of  synchronous  coder  theory. 

2.3.3  Linguistic  Models  for  Coders 

Coders,  as  noted,  may  be  viewed  as  devices  that 
transform  strings  in  one  alphabet  (a  non— denumerable  one) 
into  strings  in  another  alphabet.  At  a  conceptual  level, 
one  is  then  able  to  apply  generalized  tools  of  formal 
language  theory  to  their  characterization  a-  This  view  of 
the  problem  is  an  interesting  one  in  the  search  for 
canonical  forms  for  coders.  Time  did  not  permit,  however, 
its  full  exploration.  By  analogy  with  the  language 
hierarchies  of  formal  language  theory,  one  may  define  coders 
of  increasing  complexity  and  power.  This,  too,  remains  an 
incomplete  area  of  research. 


2.3.4  Invariants  in  Finite-Automata  Theory 

It  was  observed  that  many  of  the  ideas  of  finite 
automata  theory  do  not  of  necessity  depend  upon  both  the 
state  space  and  the  input  alphabet  being  finite.  For 
example,  the  concept  of  Nerode  equivalence  3  can  be  utilized 
to  define  finite  state  realizations  for  coders,  although  the 
input  alphabet  is  non-denumerable.  Similarly  concepts  of 
non-determinism  in  automata,  and  formal  language  equivalents 
do  not  depend  upon  the  finiteness  of  the  input  alphabet. 

This  opens  the  door  to  some  basic  research  in  abstract 
automata  theory.  Since  many  techniques  of  discrete- 
controller  design  indeed  revolve  around  the  concept  of  one 
automaton  controlling  another,  the  need  for  such  abstraction 
is  Justified.  These  topics  are  still  being  investigated  as 
of  this  writing. 


2.4  Topics  Not  Completely  Addressed 


Several  proposed  topic  areas  were  not  addressed  due  to 
a  lack  of  time.  This  was  a  result  o-f  conscious  decision  on 
the  part  o-f  the  principal  investigator  (s) . 


2.4.1  Finite-State  Controller  Design 

As  already  noted,  time  did  not  permit  a  direct  solution 
to  this  problem  in  the  asynchronous  case.  As  discussed  in 
section  5,  an  independent  activity  for  designing  controllers 
in  the  synchronous  case,  far  di screte-time  plants,  is 
currently  under  way.  By  choosing  the  route  pursued  in  this 
research  program  —  that  of  laying  fundamental  groundwork  - 
-  it  is  apparent  that  one  principal  goal  for  the  future 
must  be  to  tie  together  these  separate  efforts  to  effect  the 
design  of  meaningful  controllers. 


2.4.2  Characterizations  of  Coder  Behavior 

One  interesting  area  of  research  proposed  was  to  try  to 
develop  bath  qualitative  and  quantitative  schemes  for 
modeling  the  behavior  of  coders  and  to  deal  with  such  issues 
as  coder  similarity,  and  practical  coder  realizations. 
Certainly  the  finitary  coder  model  is  a  beginning  step  in 
this  overall  goal.  Mare  definitive  measures  must  be 
defined,  however,  to  allow  one  to  talk  about  coders  that 
satisify  various  design  and  implementation  criteria. 

2.4.3  Feedback  Connections  of  SAMs;  Stability 

Having  explored  the  SAM  model  as  a  stand-alone  device 
it  is  natural  to  deal  with  such  questions  as 
interconnections  of  SAMs.  Such  structures  may  be  series 
connections,  parallel  connections,  or,  more  importantly, 
feedback  connections.  When  SAMs  are  connected  in  feedback 
transitions  may  occur  at  times  that  are  extremely  close 
together.  It  has  been  postulated  that  the  SAM  model  is 
general  enough  to  be  closed  under  feedback  connections, 
nonetheless.  Future  research  is  needed  to  resolve  this 
issue,  as  well  the  general  issue  of  stability  of  SAMs,  from 
both  a  definitional  and  applications  point-of-view. 


2.4.4  SAMs  and  Quantized  Continuous  Systems 

One  interesting  question  that  naturally  evolves  out  of 
this  research  effort  is  the  following  one:  look  at  the 
decoder — plant-coder  ensemble,  in  that  order,  as  a  dynamic 
system.  Its  inputs  and  outputs  are  sequences  in  a  finite 
set.  Can  we  view  this  system  as  equivalent  to  a  SAM?  This, 
in  part,  is  tantamount  to  answering  the  related  question  of 
under  what  conditions  this  mapping  from  input  sequences  to 


output  sequences  is  -finite-state  realizable.  These  are 
interesting  questions  that  are  very  significant  ones,  -for 
knowing  that  the  decoder — plant-coder  ensemble  is  effectively 
a  SAM  reduces  the  question  of  compensator  design  to  one  of 
controlling  one  SAM  with  another. 
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3.  Publications 

The  -following  works  have  been  published  and/or 
submitted  -for  publication  during  the  term  o-f  this  contract. 
The  order  is  in  each  category  is  alphabetical,  by  name  o-f 
-first  author.  The  list  is  categorized  into  three 

categories:  papers  accepted  by  or  submitted  to  technical 
Journals,  papers  presented  at  conferences  (and  appearing  in 
conference  proceedings),  and  papers  written  as  unpublished 
internal  research  memoranda. 

Papers  Submitted  to/Acceoted  by  Technical  Journals 


1)  Johnson,  T.L.  and  Kali  ski,  M.E.,  "  Realization  of  Finite- 
State  Asynchronous  Machines,  “  submitted  to  IEEE 
Transactions  on  Automatic  Control,  April,  1983.  Currently 
under  revision.  (Abridged  version  presented  at  22nd  IEEE 
Conference  on  Decision  and  Control,  December,  1983,  San 
Antonio,  TX) 

2)  Kaliski,  M.E.  ,  "  Finitary  Coders:  The  Interfaces  in 
Finite-State  Compensation  Schemes,  "  submitted  to  IEEE 
Transactions  on  Automatic  Control,  May,  1985.  Currently 
under  revision. 

3)  Kaliski,  M.E.  and  Klein,  Q.L. ,  "Behavior  of  a  Class  of 
Nonlinear  Discrete-Time  Systems,  "  Journal  of  Computer  and 
System  Sciences,  Vol.31,  No.  1,  August,  1985 

4)  Kaliski,  M.E. ,  Kwankam,  S.Y. ,  Halpern,  P.  and  Shulman, 
D. ,  "A  Theory  of  Orbital  Behavior  in  a  Class  of  Nonlinear 
Systems:  Chaos  and  a  Signature-Based  Approach,  "  accepted 
for  publication  by  Journal  of  Computer  and  System  Sciences, 
October,  1985.  To  appear. 

Papers  Presented  at  Conferences 

5)  Johnson,  T.L. ,  "Multitask  Control  of  Distributed 
Processes,"  presented  at  22nd  IEEE  Conference  on  Decision 
and  Control,  December,  1983,  San  Antonio,  TX. 

6)  Kaliski,  M.E.,  "  On  Realizations  of  Part ial 1 y-Speci f i ed 
Input/Output  Maps  by  Finite  Automata,  "  presented  at  1984 
ACM  Computer  Science  Conference,  February,  1984, 
Philadelphia,  PA. 

7)  Kaliski,  M.E. ,  "  Finite  Automata  Over  Real  Number 
Alphabets:  Some  Theoretical  Results  and  Applications,  " 
presented  at  IS  95  ACM  Computer  Science  Conference,  March, 
1985,  New  Orlee.is,  LA. 


8)  Kaliski,  M.E.  and  Kwankam,  S.Y. ,  "  Asynchronous  Real-Time 
Coders  in  the  Discrete  Control  Environments  Generative 
Models  for  Input /Output  Spaces,  "  presented  at  23rd  IEEE 
Conference  on  Decision  and  Control,  December,  1984,  Las 
Vegas,  NV. 

9)  Kaliski,  M.E.  and  Wimpey,  D.G.,  "Towards  a  Theory  of 
Asynchronous  ,  Real-Time  Coders  and  Their  Applications  to 
Discrete— Control  of  Continuous  Processes,  "  presented  at 
1983  American  Control  Conference,  June,  1983,  San  Francisco, 
CA. 

10)  Kwankam,  S.Y.  and  Kaliski,  M.E.,  "  A  Generative  Model 
for  Asynchronous  Finite-Valued  Time  Signals  as  Applied  to 
Computer-Based  Process  Control,  "  accepted  far  presentation 
at  the  IFAC  Symposium  on  Microcomputer  Application  in 
Process  Control,  July,  1986,  Istanbul,  TURKEY. 

11)  Kwankam,  S.Y. ,  Kaliski,  M.E. ,  and  Johnson,  T.L. , 
"Asynchronous  Finite  State  Machines:  Simulations  with 
Imposed  Processing  Constraints,  "  accepted  at  1986  American 
Control  Conference,  June,  1986,  Seattle,  WA. 

Internal  Research  Memoranda 


12)  Kaliski,  M.E. ,  "Extensions  of  Partially-Specified 
Automata  Incorporating  Time  as  an  Input,  "  Northeastern 
University  Internal  Memorandum,  September,  1983. 

13)  Kaliski,  M.E.,  "  Towards  a  Theory  of  Finitary 
Asynchronous  Coders,  "  Northeastern  University  Internal 
Memorandum,  January,  1983. 


4.  Personnel 


The  -following  pro-fessional  personnel  have  been  the 
primary  personnel  associated  with  this  project  since  its 
beginning  in  July,  1982: 


Dr.  Martin  E.  Kaliski,  Professor  of  Electrical  and  Computer 
Engineering,  Northeastern  University,  Boston,  MA  has  been  a 
co-principal  investigator  and,  since  July  1984,  principal 
investigator  on  this  research  contract. 

Dr.  Timothy  L.  Johnson,  Control  Technology  Branch,  General 
Electric  Corporate  Research  and  Development,  Schenectady,  NY 
was,  while  he  was  still  with  Bolt,  Beranek,  and  Newman,  Inc. 
Cambridge,  MA,  a  co-principal  investigator  on  this  project. 
He  has  remained  involved  in  an  unfunded  capacity  since  he 
assumed  his  duties  at  General  Electric  in  July,  1984. 

Dr.  David  G.  Wimpey,  a  farmer  doctoral  student  of  Dr. 
Johnson's  (and  supported  under  our  previous  contract)  was 
associated  in  an  unfunded  capacity  with  this  project  while  a 
faculty  member  at  Northeastern  University  in  the  Department 
of  Electrical  and  Computer  Engineering,  from  July,  1982 
until  his  return  to  the  Republic  of  South  Africa  in 
September,  1983.  His  principal  contributions  were  in  the 
area  of  coder  and  compensator  design. 

Dr.  S.Y.  Kwankam,  a  former  doctoral  student  of  Professor 
Kaliski 's,  at  Northeastern ,  has  remained  involved  in  an 
informal  capacity  with  this  program  since  his  return  to  the 
University  of  Yaounde,  in  Cameroon  in  1979.  He  spent  the 
summer  of  1985  working  on  this  project  as  a  funded  Fulbright 
Scholar.  His  contributions  were  in  the  areas  of 
asynchronous  machines  and  asynchronous  time  signals. 

The  group  of  professional  personnel  listed  below  have  played 
a  smaller,  but  nonetheless  important  role,  in  the  specific 
project  areas  listed  below.  Their  work  has  been  done  in  an 
unfunded  capacity. 

Dr.  Karen  A.  Lemone,  a  farmer  doctoral  student  of  Professor 
Kaliski 's,  at  Northeastern,  is  currently  an  Associate 
Professor  in  the  Department  of  Computer  Science  at  Worcester 
Polytechnic  Institute,  Worcester,  MA.  She  has  contributed 
to  the  development  of  conceptual  issues  in  languages  defined 
over  real  number  alhpabets,  with  applications  to  coder 
design. 


Quentin  L.  Klein,  of  W.  Newton,  MA,  has  worked  with 
Professor  Kaliski  in  the  study  of  orbital  behavior  in  one- 
dimensional  nonlinear  systems. 

Pamela  Hal pern,  of  Comp-All  Systems,  Lynnfield,  MA,  is  a 
former  doctoral  student  of  Professor  Kaliski 's  at 
Nor theastern .  She,  too,  has  worked  in  the  area  of  orbital 
behavior  studies. 

David  Shulman,  a  graduate  student  of  Professor  Kaliski 's  at 
Northeastern  University,  has  played  a  role  in  orbital 
behavior  studies  as  well. 

Andrew  Miller,  is  an  American  Electronics  Association 
Fellow  at  Northeastern ,  and  is  currently  working  on  his 
Master's  thesis  for  Professor  Kaliski.  He  has  been  active 
in  developing  the  simple  asynchronous  machine  models  and 
simulations  described  earlier. 


5.  Interactions 


While  Dr.  Johnson  was  with  Bolt,  Geranek,  and  Newman, 
Inc.  (until  June,  1984)  he  and  Dr.  Kaliski  met  regularly 
(every  other  week)  to  ensure  adequate  progress  o-f  the 
research  program.  With  him  based  at  General  Electric 
Company  in  Schenectady,  NY,  since  then,  the  level  o-f 
interaction  has  naturally  decreased  somewhat.  Nonetheless, 
regular  monthly  meetings  which  take  place  -for  an  independent 
joint  activity  of  Drs.  Johnson  and  Kaliski  (see  below) , 
provide  a  continuing  forum  for  interaction  on  this  project. 

Research  results  have  been  disseminated  at  a  variety 
of  conferences  around  the  country  (section  3.),  and  have 
been  submitted  to  publications  appealing  to  both  the 
computer  science  and  control  systems  community.  This 
reflects  the  spirit  of  the  research  as  a  venture  into  hybrid 
systems  theory. 

Dr.  Kaliski  serves  as  a  consultant  to  General  Electric 
Company,  Corporate  Research  and  Development,  for  Dr. 
Johnson,  in  the  general  area  of  finite— state  synchronous 
controller  algorithm  design  and  implementation.  This 
problem  represents  the  practical ,  computational  end  of  the 
general  research  area  of  this  project.  There,  of  course, 
has  been  great  care  taken  to  avoid  any  potential • compromise 
between  the  general  research  goals  of  this  project  and 
those  of  that  specific  project.  The  essential  point  is  that 
this  parallel  activity  has  served  to  both  keep  interactions 
in  this  entire  area  at  a  healthy  level  and  has  provided 
means  for  validating  theoretical  constructs  in  a  practical 
context. 


6.  Appendices 


The  -following  Appendices  contain  material  not 
previously  submitted  to  AFSC.  In  addition  to  this  material 
a  single  diskette  containing  programs  and  data  files  for 
the  SAM  simulator  is  being  sent  (along  with  instructions  for 
its  use)  with  this  report. 


6.1  The  Sam  Simulator 

The  following  supplementary  material  concerning  the  SAM 
simulator  is  contained  in  this  section: 

a)  User's  Manual 

b)  Modeling  of  74LS93  Binary  Counter 

c)  Modeling  of  RCA  CDP1854  Programmable  UART 

d)  Programmer's  Manual 

e)  Program  Listings 


6.2  Additional  Publications 


Copies  of  publications  3  and  4  are  being  submitted  with 
this  report,  as  they  were  not  previously  sent  to  AFSC  in 
final  form. 
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1.0  INTRODUCTION 

This  User's  Manual  explains  the  operation  of  the 
asynchronous  machine  simulator  which  runs  under  GW-Basic. 
Since  the  simulator  is  menu-driven,  most  o-f  the  information 
is  self-explanatory.  This  manual  further  clarifies  these 
menus  and  assists  the  user  in  correctly  working  with  the 
si mul ator . 

It  is  assumed  that  the  user  of  this  manual  is  familiar  with 
the  paper,  "Realization  of  Asynchronous  Finite-State 
Machines"  by  T.L.  Johnson  and  M.E.  Kaliski.  This  simulator 
is  essentially  a  direct  implementation  of  some  of  the  ideas 
set  forth  in  that  paper. 

To  further  clarify  the  information  included  in  this  manual, 
refer  to  two  examples  included  which  are  executed  using  this 
simulator,  referred  to  as  SIMSAM  (SIMulator  for  Simple 
Asynchronous  Machines).  One  example  is  the  simulation  of  a 
simple  binary  counter.  The  other  is  a  more  complex  example 
of  a  Programmable  UART. 

The  fallowing  files  must  be  included  on  the  drive  designated 
in  the  simulation  program  as  the  default  drive: 

MAIN. BAS 
INPOVR. BAS 
DFGOVR. BAS 
LGFOVR. BAS 
RSMOVR. BAS 
PLTOVR. BAS 

See  elsewhere  in  this  manual  to  set  the  default  drive. 

The  order  of  information  presented  in  this  User's  Manual  is 
consistent  with  the  order  in  which  information  appears  in 
the  execution  of  the  SIMSAM  program. 

A  note  regarding  program  output: 

All  text  displayed  by  the  simulator  program  will  be  indented 
in  this  User’s  Manual 


a)  User's  Manual 


2.0  GETTING  STARTED 

The  SIMSAM  simulator  can  be  run  on  any  IBM  compatible  pc 
with  256k  bytes  of  memory  and  GW-Basic  (or  equivalent  BASIC 
interpreter)  running  under  MS-DOS. 

After  loading  GW-Basic,  load  in  the  main  module  by  typing: 
LOAD  "dd: MAIN" 

where  "dd"  is  a  valid  drive  specification  for  the  location 
of  the  file  "MAIN. BAS". 

Now  type  "RUN"  to  execute  the  main  module  under  GW-Basic. 

After  a  short  period  of  time  during  which  the  title  of  the 
program  is  displayed,  the  following  menu  is  displayed: 

SIMSAM  MENU 

1  —  Enter  Input  Waveform 

2  —  Enter  Digital  Function  Generators 

3  —  Enter  Logic  Function  Generator • 

4  —  Run  simulation 

5  —  Plot  results 

6  —  Set  default  drive 

7  —  Exit 


Enter  selection  by  number  ? 

This  menu  permits  one  to  make  a  selection  by  simply  typing 
the  number  of  the  selection  and  hitting  the  Return  key.  A 
brief  description  of  each  of  the  selections  is  given  here. 
If  an  invalid  selection  is  made,  the  simulator  emits  a  short 
beep  and  the  menu  is  redisplayed. 


1  —  Enter  Input  Waveform 

This  choice  displays  another  menu  to  enter  the  values  of  an 
input  waveform,  either  from  a  file  or  the  terminal.  This 
waveform  can  be  edited  while  in  memory,  and  can  be  saved  on 
the  disk. 

2  —  Enter  Digital  Function  Generators 

This  choice  displays  a  menu  to  enter  the  values  of  digital 
function  generators.  As  with  the  input  waveform,  one  can 
load  the  DFGs  from  the  terminal  or  a  file,  and  perform 
simple  editing. 

3  —  Enter  Logic  Function  Generator 
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This  choice  displays  a  menu  to  enter  the  values  of  a  logic 
function  generator. 

4  —  Run  simulation 

This  choice  allows  one  to  execute  a  simulation  based  on  the 
data  entered  from  choices  1,  2,  and  3  of  the  SIMSAM  MENU. 
The  simulator  will  not  function  correctly  if  choice  4  is 
made  before  choices  1-3.  Choices  1-3  can  be  selected  in  any 
order . 

5  —  Plot  results 

This  choice  gives  one  a  graphical  display  of  any  of  the 
waveforms,  including  those  entered  by  the  user  and  those 
generated  by  the  simulator. 

6  —  Set  default  drive 

By  default,  the  simulator  sets  the  default  drive  to  "B". 
This  is  the  drive  where  all  parts  of  the  simulator  program 
are  loaded  from,  and  also  where  all  waveforms  are  saved. 
This  choice  allows  one  to  change  the  default  drive. 

7  —  Exit 


This  choice  causes  the  program  to  terminate,  and  control  is 
returned  to  GW-Basic. 
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3.0  ENTERING  INPUT  WAVEFORM 

If  choice  1  is  selected  -from  the  SIMSAM  MENU,  the  -following 
menu  is  displayed: 

INPUT  WAVEFORM  MENU 

1  —  Load  input  waveform  from  file 

2  —  Enter  input  waveform  from  keyboard 

3  —  Modify  input  waveform  in  memory 

4  —  Exit  to  main  menu 

Enter  a  selection  by  number  ? 

As  with  the  SIMSAM  MENU  (main  menu),  one  can  make  a 
selection  by  typing  the  corr espondi ng  number  and  hitting  the 
Return  key.  Each  of  the  choices  is  described  in  detail 
here. 

3.1  —  Load  input  waveform  from  file 

This  choice  causes  the  screen  to  be  cleared  and  the 
following  prompt  to  be  displayed: 

Enter  M  <<=  S) ,  the  number  of  input  levels 
M  = 

At  this  prompt  enter  the  number  of  levels  in  the  input 
waveform.  The  program  checks  to  see  that  the  entered  value 
is  within  range. 

The  program  then  prompts  for  the  name  of  the  file  where  the 
input  waveform  is  saved  with  the  prompt: 

File  name  for  input  ? 

A  valid  filename  for  the  input  waveform  consists  of 
" INPUTxx" ,  where  xx  can  be  any  two  alphanumeric  characters. 
The  program  only  distinguishes  between  different  last  two 
alphanumeric  characters  for  different  input  file  names.  The 
program  loads  the  specified  file,  and  verifies  that  the  data 
in  the  file  is  consistent  with  the  number  of  input  levels 
entered  previously. 

After  the  file  has  been  loaded,  the  INPUT  WAVEFORM  MENU  is 
redisplayed.  If  the  number  of  levels  of  the  waveform  read 
from  the  file  is  greater  than  the  limit  entered  previously, 
the  waveform  must  be  entered  from  the  keyboard. 

3.2  —  Enter  input  waveform  from  keyboard 

As  with  choice  1,  this  choice  first  prompts  for  the  number 
of  levels  in  the  input  waveform.  After  this,  it  asks  for 
the  pieces  of  the  input  waveform  with  the  dialogue: 
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Enter  input  signal 

Enter  number  of  pieces,  <<=  30) 

9 

At  this  point  one  should  enter  the  number  of  distinct  pieces 
comprising  the  input  waveform.  The  program  verifies  that 
the  upper  limit  is  not  exceeded.  The  program  then  prompts: 

Enter  waveform  in  the  format:  value  and  start  time 

piece  #  1 

Here  the  user  should  enter  the  level  of  the  piece  of  the 
input  waveform,  and  the  time  it  starts,  separated  by  a 
comma.  Normally  the  start  time  begins  at  time  0.  The 
program  checks  to  see  that  the  level  value  is  an  integer  in 
the  range  previously  specified,  and  that  the  start  time  for 
a  successive  piece  is  greater  than  for  the  previous  piece. 
In  other  words,  successive  start  times  increase 
monotoni cal  1 y . 

After  all  the  pieces  of  the  input  waveform  have  been 
entered,  the  program  echoes  all  the  pieces  on  the  screen  and 
asks  for  any  changes  with  the  prompt: 

f.  /  changes  <Y)es  or  <N)o 

If  a  “Y"  is  entered  here,  the  program  prompts: 

Enter  changes  in  the  format:  piece  #,  value  and  start 
time 

To  end  enter  piece  #  of  0 

Simply  enter  the  parameters  asked  for  in  the  order 
specified,  separated  by  commas.  As  with  all  other  parts  of 
the  program,  it  verifies  that  entered  data  is  within  range. 

After  any  and  all  changes  have  been  made  and  the  input 
waveform  is  exactly  what  is  desired,  the  program  prompts  to 
see  if  the  entered  data  is  to  be  saved  in  a  file: 

Note  that  if  this  input  function  is  not  saved,  and 
the  results  of  a  run  using  this  input  are  saved,  such 
as  result  file  will  NOT  contain  information  on  the 
input  function  which  was  used. 

Save  input?  Yes(Y)  or  No  (CR>  ? 

If  the  input  is  not  saved,  the  INPUT  WAVEFORM  MENU  is 
redisplayed.  If  the  input  is  to  be  saved,  the  program 
prompts: 
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Enter  file  name  under  which  input  is  to  be  saved 
in  the  form  ’  INPUT::::  ’  ,  where  are  alphanumeric 
characters.  ? 

After  entering  a  valid  filename,  the  input  waveform  data  is 
saved  in  that  file  on  the  default  drive,  and  the  INPUT 
WAVEFORM  MENU  is  redisplayed.  This  filename  can  be  one 
which  has  already  been  used,  in  which  case  the  new  data  will 
overwrite  the  old  data  in  the  file. 

3.3  —  Modify  input  waveform  in  memory 

This  selection  should  only  be  chosen  after  loading  an  input 
waveform  from  memory  with  selection  1.  The  program  proceeds 
through  the  same  steps  as  detailed  for  choice  2  after  the 
input  waveform  had  been  entered. 

It  prompts  for  which  pieces  of  the  waveform  are  to  be 
modified,  and  then  reminds  one  to  save  the  modified  waveform 
back  out  on  disk. 

After  all  modifications  have  been  completed,  the  INPUT 
WAVEFORM  MENU  is  redisplayed. 

3.4  —  Exit  to  main  menu 

After  a  correct  input  waveform  resides  in  memory  from  one  of 
the  other  choices,  this  selection  causes  the  SIMSAM  MENU  to 
be  redisplayed  to  load  other  waveforms. 


I? 


,%* 


h 


a 


VTY 


a)  User’s  Manual 


7 


4.0  ENTERING  DIGITAL  FUNCTION  GENERATORS 

If  choice  2  from  the  main  menu  is  selected,  the  following 
menu  is  displayed: 


D  F  G  MENU 

1  —  Load  DFG  from  file 

2  —  Enter  DFG  from  keyboard 

3  —  Modify  DFG  in  memory 

4  —  Exit  to  main  menu 

Enter  selection  by  number  ? 

Any  of  the  selections  on  this  menu  can  be  chosen  by  typing 
the  number  corresponding  to  the  selection  and  hitting  the 
Return  key.  Each  of  the  selections  is  described  separately 
here: 

4.1  —  Load  DFG  from  file 

After  selecting  this  choice,  the  program  prompts: 

Enter  N  (<=  9) ,  the  number  of  states 
N  = 

The  user  is  expected  to  enter  the  number  of  distinct  states 
for  the  simple  asynchronous  machine  being  simulated.  The 
program  verifies  that  it  is  within  the  bounds  specified.  It 
then  prompts  for  the  file  name: 

File  name  from  which  DFGs  are  to  be  read.  ? 

Here,  the  file  name  is  entered  in  the  form  "DFGxx"  where  xx 
can  be  any  two  alphanumeric  characters.  If  the  filename  is 
found  on  the  default  drive  and  the  number  of  states  of  the 
DFGs  in  the  file  are  compatible  with  N  entered  previously, 
the  DFG  MENU  is  redisplayed. 

If  any  problems  occur,  the  program  asks  that  the  DFGs  be 
entered  from  the  keyboard.  This  is  explained  under  choice 

2. 

4.2  —  Enter  DFG  from  keyboard 

With  this  choice,  the  program  again  prompts  for  the  number 
of  states  in  the  DFG,  and  checks  to  see  that  it  is  less  than 
a  predetermi ned  maximum,  then  prompts: 

Enter  DFG  for  input  level  mm  and  state  nn 
Enter  number  of  pieces,  <<=  9)  ? 

where  mm  is  one  of  the  input  levels  in  the  previously 
specified  range,  and  nn  is  one  of  the  SAM  states.  Note  that 
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because  the  number  of  input  levels  is  needed,  an  input 
wave-form  must  have  been  entered  prior  to  entering  DFGs. 

For  each  DFG,  the  program  needs  to  know  how  many  pieces 
comprise  the  DFG  for  a  particular  input  level  and  machine 
state.  After  that,  the  program  prompts: 

Enter  waveform  in  the  format:  value  and  start  time 
piece  #  1 

Each  of  the  pieces  of  a  particular  DFG  are  entered  with  the 
value  and  start  time  separated  by  a  comma.  The  program 
checks  that  the  value  is  an  integer  and  one  of  the  possible 
state  values,  and  that  the  start  time  is  greater  than  zero, 
and  is  monoton i cal  1 y  increasing  for  subsequent  pieces. 

This  continues  for  all  passible  combinations  of  state  values 
and  input  levels.  After  all  DFGs  have  been  entered,  the 
program  prompts  -for  any  edits  as  explained  in  the  next 
selection.  If  there  are  no  edits,  or  after  the  edits  are 
complete,  the  DFG  MENU  is  redisplayed. 

4.3  —  Modify  DFG  in  memory 

This  choice  should  only  be  made  after  choice  1,  or 
alternately,  if  a  DFG  has  been  entered  from  the  keyboard, 
this  choice  is  automatically  made. 

The  program  echoes  each  DFG  and  prompts  for  changes: 

Any  changes  (Y)es  or  (N)o  ? 

If  there  are  changes  they  are  entered  in  the  format:  piece 
#,  value,  and  start  time.  A  piece  #  of  0  terminates  the 
edits  for  a  particular  DFG. 

After  all  changes  have  been  made  for  one  DFG,  or  if  no 
changes  are  necessary,  the  next  DFG  is  displayed,  and  a 
request  for  edits  is  made. 

After  all  changes  have  been  made,  the  program  prompts: 

Are  DFGs  to  be  saved  <Y)es  or  No  ? 

If  no,  the  DFG  MENU  is  redisplayed.  If  yes,  the  program 
prompts: 

Enter  file  name  under  which  DFG  is  to  be  saved  ? 

The  file  name  should  be  of  the  form  "DFGxx"  where  xx  is  any 
two  alphanumeric  characters.  If  the  filename  already  exists 
on  the  default  drive,  the  contents  of  the  file  are 
overwritten.  The  DFG  MENU  is  then  redisplayed. 
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S.O  ENTERING  LOGIC  FUNCTION  GENERATOR 

I-f  choice  3  -from  the  main  menu  is  selected,  the  following 
menu  is  displayed: 


L  F  MENU 

1  —  Load  LF  from  file 

2  —  Enter  LF  from  keyboard 

3  —  Modify  LF  in  memory 

4  —  Exit  to  main  menu 

Enter  selection  by  number  ? 

Any  of  the  displayed  menu  items  can  be  chosen  by  selecting 
the  appropriate  number  and  hitting  the  Return  key.  Each  of 
the  selections  is  detailed  here. 

5.1  —  Load  LF  from  file 

This  selection  first  prompts  for  the  filename  of  the  logic 
function  generator: 

File  name  from  which  LF  is  to  be  read  ? 

The  file  name  should  be  of  the  form  ”LFxx "  where  xx  is  an 
two  alphanumeric  characters.  This  file  is  read  from  th 
default  drive.  The  program  checks  that  the  dimensions  of 
the  LF  are  consistent  with  the  number  of  states  of  the 
machine  and  the  number  of  input  levels.  Because  it  uses 

this  information,  the  input  waveform  and  the  DFGs  must  be 
entered  before  the  LFs. 

After  the  file  is  read,  the  LF  MENU  is  redisplayed. 


5.2  —  Enter  LF  from  keyboard 

After  choosing  this  selection,  the  program  displays  the 
prompt : 

Enter  number  of  output  levels  ? 

This  answer  must  be  the  number  of  distinct  levels  in  the 
output  signal. 

The  dialogue  continues: 

Enter  ns  values  for  output  correspondi ng  to  input  level 
nn  and  each  of  the  ns  states. 

The  user  is  directed,  for  a  particular  input  level.  to 
specify  what  the  output  level  is  for  each  of  the  states  of 
the  machine.  (ns  represents  the  number  of  states).  This  is 
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repeated  for  each  of  the  nn  input  levels.  The  program 
checks  that  the  output  level  does  not  exceed  the  number  of 
levels  specified  earlier. 

After  all  output  levels  have  been  entered,  the  program 
automatically  goes  into  edit  mode  which  is  identical  to  LF 
MENU  selection  number  3  and  will  be  explained  there. 

5.3  —  Modify  LF  in  memory 

This  selection  should  only  be  made  after  loading  a  LF  from  a 
file,  or  control  will  automatically  be  passed  to  this  point 
after  entering  a  LF  from  the  keyboard.  The  program  prompts: 

Readout  map  just  entered  is  as  fallows: 

Input  State  Output 


The  output  level  is  displayed  for  each  of  the  machine  states 
and  for  one  particular  input  level.  The  user  is  then  asked 
if  any  changes  are  necessary.  If  they  are  the  program 
prompts: 

Enter  changes  in  the  format,  state  and  output. 

To  end,  enter  state  value  of  0. 

The  program  verifies  all  corrections  to  the  data.  After  all 
output  levels  have  been  modified,  if  necessary,  the  program 
prompts  for  a  file  name  to  save  the  changes: 

Is  LF  to  be  saved  (Y)es  or  No  ? 

Enter  file  name  under  which  LF  is  to  be  saved.  ? 

This  file  name  must  be  of  the  form  "LFxx"  where  xx  can  be 

any  two  alphanumeric  characters.  If  the  filename  already 
exists  on  the  default  drive,  the  contents  of  the  file  are 
overwritten.  After  the  LF  is  saved,  the  LF  MENU  is 
redisplayed.  The  user  should  be  aware  that  if  changes  to  an 

LF  are  not  saved,  they  cannot  be  recaptured  later. 

5.4  —  Exit  to  main  menu 


This  selection  causes  the  SIMSAM  MENU  to  be  redisplayed. 
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6.0  RUN  SIMULATION 

If  choice  4  is  selected  from  the  main  menu,  this  causes  the 
simulator  to  run  using  the  input  waveform,  DFGs  and  LFs 
entered  previously.  Unlike  the  other  main  menu  selections, 
this  one  does  not  cause  another  menu  to  be  displayed.  The 
program  prompts  for  necessary  information: 

Maximum  #  of  system  events  in  simulation  <<=  240) 
no.  of  events  =  ? 

The  simulator  is  asking  for  the  maximum  number  of  events  to 
record  in  the  simulation.  If  the  actual  number  of  events  is 
less  than  this  amount,  there  is  no  problem.  If  the  actual 
number  is  greater,  the  simulation  terminates  when  the 
maximum  number  has  been  reached.  This  prevents  the 

possibility  of  an  infinite  number  of  events  in  the  case 
where  the  simulated  machine  oscillates. 

The  simulator  next  prompts  for  a  physical  processing  time. 
By  hitting  the  Return  key,  a  default  value  of  0  is  assumed, 
but  any  other  value  can  be  chosen.  This  value  can  be  used 
to  simulate  the  latency  of  a  particular  machine. 

The  program  then  prompts: 

Ready  to  run  simulation.  Enter  initial  state, 
which  must  be  an  integer  between  1  and  ns 

where  ns  is  the  number  of  states  of  the  machine.  The 
program  ensures  that  the  initial  state  is  within  range,  then 
runs  the  simulation.  At  the  completion  of  the  simulation, 
all  system  events  are  listed  in  the  form: 

Index  Output  value  Start  time  Input  State 


The  index  is  an  integer  starting  at  1  and  is  incremented  for 
each  change  in  the  input  or  state.  The  output  value  is 
simply  the  combination  of  the  input  level  and  the  state  as 
specified  in  the  logic  function  generator.  The  start  time 
is  the  time  when  the  change  detected  by  the  simulator 
begins.  Again,  the  change  can  recognized  either  in  the 
input  or  the  state. 

After  all  system  events  have  been  listed,  the  program 
prompts  to  see  if  the  results  of  the  simulation  are  to  be 
saved  in  a  file: 

File  name  for  saving  results  ? 
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A  -file  name  of  the  form  "RES::;;"  should  be  entered,  where 
can  be  any  two  alphanumeric  characters.  If  the  results  are 
not  to  be  saved,  simply  hit  the  Return  key. 

After  saving  the  results  in  a  file,  the  SIMSAM  MENU  is 
redi spl ayed . 
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7.0  PLOTTING  WAVEFORMS 


If  selection  5  is  chosen  from  the  main  menu,  another  menu  is 
displayed: 

PLOT  MENU 


1 

o 


4 

5 

6 


—  Plot 

—  Plot 

—  Plot 

—  Plot 

—  Load 

—  Ei:  i  t 


input  function 
state  function 
output  function 
DFGs 

results  from  file  to  plot 
to  main  menu 


Enter  selection  by  number  ? 


Each  of  the  menu  items  is  described  here  in  detail.  For 
examples  of  any  of  the  plots,  refer  to  the  Programmable  UART 
example  or  the  Binary  Counter  example  elsewhere  in  this 
Appendix.  Be  sure  to  load  the  appropriate  files  as 
explained  below  before  attempting  to  plot  any  functions,  or 
errors  might  result  and  possibly  terminate  the  program. 


7.1  —  Plot  input  function 


Choosing  this  selection  causes  the  input  waveform  in  memory 
to  be  displayed  in  graphic  form  on  the  monitor  in  high- 
resolution  mode.  The  input  levels  are  displayed  on  the  y- 
axis  and  units  of  time  are  displayed  on  the  x-axis.  The  x- 
axis  will  be  the  same  for  all  plots  drawn  and  is  derived 
from  the  event  times  of  the  simulation.  Because  of  this, 
the  input  function  and  DFGs  cannot  be  plotted  before  a 
simulation  run  (or  before  the  results  of  a  previous  run  have 
been  loaded  with  menu  selection  5).  This  plot  will  be 
labeled  "INPUT  FUNCTION".  Hit  the  Esc  key  to  return  to  the 
PLOT  MENU. 


7.2  —  Plot  state  function 


Choosing  this  selection  causes  the  state  evolution  as  a 
function  of  time  to  be  plotted.  This  state  function  is 
obtained  from  the  simulation  run,  or  by  loading  the  results 
file  with  menu  selection  5..  The  x-axis  is  the  event  time 
and  the  y-axis  records  the  state  levels.  This  plot  will  be 
labeled  "STATE  FUNCTION"  and  will  also  list  the  names  of  the 
input,  DFG,  and  LF  files  as  well  as  the  initial  state  of  the 
machine  and  the  processing  time.  If  certain  data  had  not 
been  saved  or  retrieved  from  a  file,  the  filename  for  that 
data  would  be  left  blank.  After  examining  the  plot,  hit  the 
Esc  key  to  return  to  the  PLOT  MENU. 
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Plot  output  function 
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This  selection  causes  The  output  ot  f !  ■■  , , 

be  displayed  wi  th  the  out ut.it'  levels  on 
machine  event  times  cn  the  i  s.  T!  .i 

"OUTPUT  FUNCTION"  and  provides  the  iw.dsj 
tiles,  and  the  initial  state  and  r::  r :..  .vs:  s :  < 


can  be  obtained  after  running  a  51  mi 
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a  results  file  using  menu  sel  set  i  or.  5.  Af  t®r  e  -Miur.  1  .*  ; 
plot,  hit  the  Esc  lev  to  return  to  the  P1..0 !'  N.EUU. 

7.4  —  Plot  DFGs 

This  selection  causes  each  of  the  mm  nn  Orbs:  to  be  o ; 
in  succession,  where  mm  is  the  number  of  incut  l  e  -  e 1 
nn  is  the  number  of  states  of  the  simulated  machine, 
event  times  are  plotted  on  the  -ax  1  s  and  stats  l  •=»  a  1  ■ 
plotted  on  the  y— axis.  Each  DFG  includes  a  title  cons:  r-1 
of  the  f i 1 ename  where  DFGs  are  stored ,  an g  "F I emenf 
where  a  is  one  of  the  possible  input  levels  and  b  : 3 
1 n i t i al  st at e  for  this  DF G . 


To  see  the  next  DFG  in  succession,  cress  the  Esc  e  -  .  fr¬ 
ail  DFGs  have  been  displayed,  the  PLOT  MENU  is  red  1  sc, l -  ■ 

The  DFGs  will  only  be  displayed  correct A  v  3  f  a  simulst 

had  been  run  prior  to  the  plotting,  or  the  in  on  .  D'-G.. 

result s  f i 1 e s  h a v e  been  loaded. 


7.5  —  Load  results  from  file  to  pilot 

Selecting  this  choice  causes  the  program  :c  prompt  for 
results  filename.  This  filename  should  be  r 4  n.- 
"RESxx  "  ,  where  is  an v  two  alphanumeric  char  setsr  •• .  t, 
the  results  have  been  loaded,  the  PLOT  ME'.NLi  1  :  r  pd  .•  •  c  '.  ■■ 


This  only  loads  enough  information  from  tno 
plot  the  state  (menu  selection  7:>  ,  rid  out  c-v. 
selection  Z'<  .  The  advantage  •..»  F  us '.no  thi 
that  the  simulation  does  not  have  to  be  r  =r  -n 
m  i  .viler  ,  si  i5uil9ti.cn  run,  then  the  resui 

ui  (hie  menu  op  lien. 
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9.0  SETTIN5  THE  DEFAULT  DRIVE 


Choosing  selection  number  6  -from  the  main  menu  causes  the 
system  to  prompt  -for  the  default  drive  to  use  for  all 
subsequent  tile  access,  of  both  program  and  data  -files.  The 
drive  value  entered  must  not  include  a  colon.  This  value  is 
initially  set  to  drive  6,  but  can  be-  changed  before  laadma 


or  saving 
changed  in 


an 


other 


files.  Thi s  1 efa u 1 t  d r i v e  m u s t 


the  middle  of  s.  simulation 


'h 


ie  program 


ices  n a t  i  n  i  t  i  a  1 1  y 


iC-d: 


name  is 
to  access  the  drive 
user ’ s  responsi bi 1 i ty 


It  will  only  verif 
o  read 
to  see 


thi 


to  see  if  the 
wnen  it  first 
or  wr i te  a  f i 1 e .  I t  i 
that  the  drive  desi or 


d  r  i  v  e 


the 


exists.  After  obtaining  the  default  drive  information  from 
the  user  the  SI MS AM  MENU  is  redisplayed. 
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To  demonstrate  the  capabilities  of  the  Simple  Asynchronous 
Machine  CSAM3  simulator  a  74LS93  4  bit  binary  counter  is 
modeled.  Because  of  current  limitations  of  the  simulator, 
only  three  of  the  four  bits  of  the  counter  are  used. 

Figure  1  show  a  diagram  of  the  counter  chip  and  external 
connections  for  the  configuration  simulated.  A  binary  input 
signal  is  applied  to  input  B  of  the  74LSS3  and  the  state  of 
the  counter  is  taken  from  the  outputs  QB,  QC,  and  QD. 

In  the  simulator,  the  input  signal  is  described  as  a  two 
level  signal  with  a  fixed  period  [figure  S3.  The  counter  is 
triggered  an  the  falling  edge  of  the  input  signal. 

Since  three  bits  af  the  counter  are  used,  eight  states  are 
possible.  Sixteen  DFGs  are  needed  to  fully  describe  the 
behavior  af  this  counter .  These  DFG  waveforms  are 
illustrated  in  figures  3-18.  Each  DFG  waveform  has  a  title 
’’DFGDM  Element  x,  y”,  where  DFGDM  is  the  filename  where 
the  waveforms  are  stored,  x  is  the  current  input  level,  and 
y  is  the  state.  Note  that  the  input  can  assume  one  of  two 
binary  levels,  1  or  2 .  The  state  is  described  by  a  digit 
from  1  to  B. 

The  counter  is  in  state  1  when  the  QD,  QC,  QB  outputs  are 
0,0,1  respectively.  State  2  represents  when  the  binary 
outputs  are  0,1,0  and  so  on.  State  B  is  when  all  outputs 
are  zero . 


•w 

■/o  .J 


!a' 


r.  ■ 


I 


Since  the  counter  is  incremented  only  on  the  falling  edge  of 
the  input  signal,  or  when  the  input  changes  from  level  2  to 
level  1,  all  DFGs  For  input  level  2  are  flat.  That  is,  if 
thB  counter  is  in  state  y,  and  thB  input  level  is  2  the 
counter  will  remain  in  that  state  until  the  input  level 
changes . 

When  the  input  level  becomes  1,  the  binary  counter  with 
ripple  carry  is  incremented.  Because  af  the  ripple  carry 
and  finite  delay  of  each  JK  flip-flap  in  the  counter,  the 
least  significant  bit  of  the  counter  CQB3  changes  state 
before  the  more  significant  bits. 


As  a  result,  if  the  counter  is  in  state  7,  for  example,  and 
the  input  changes  from  level  2  to  level  1,  the  counter  will 
pass  From  state  7  to  state  6  to  state  4,  and  finally  to 
state  B  after  the  carry  has  rippled  through  all  flip-flops. 
This  is  shown  in  Figure  9. 
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Figure  19  shows  how  the  state  of  the  modeled  counter  changes 
when  the  input  signal  alternates  between  levels  1  and  2  at 
regular  intervals.  The  state  is  seen  to  progress  in  a 
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staircase  fashion  overall,  but  far  certain  state 
transitions,  the  counter  passes  briefly  through  some 
intermediate  states.  Again,  note  the  transition  from  state 
7  to  state  B  as  an  example. 

The  output  function  is  illustrated  in  figure  20.  It  is 
identical  with  the  state  function  because  the  simple  ripple 
counter  modeled  has  no  combinational  circuitry  at  the 
outputs  of  the  flip-flops.  This  can  easily  be  added  to  the 
model  if  desired. 

Although  the  binary  counter  modeled  by  the  SAfl  simulator  is 
a  simple  example,  it  demonstrates  the  capabilities  of  the 
simulator.  With  some  enhancements  the  simulator  will  be 
able  to  handle  mare  complex  asynchronous  circuits  where  the 
effects  of  inputs  an  thB  overall  response  are  not  obvious. 
Then  the  simulator  will  become  a  more  useful  tool. 
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PI  MODELING  OF  RCA  CDP1B54  PROGRAMMABLE  UART 


1.  INTRODUCTION 

An  example  of  the  usefulness  of  the  SAM  simulator  is 
illustrated  here  by  modeling  the  behavior  of  a  RCA  CDP1B54 
Programmable  Universal  Asynchronous  Receiver/Transmitter 
CUART! .  The  1854  can  be  programmed  to  transmit  5-8  bit 
characters,  with  or  without  parity,  and  one  or  two  stop 
bits.  See  attachment  for  a  detailed  specification  of  the 
1854  UART.  To  transmit  a  character,  the  character  is  loaded 
into  the  transmitter  holding  register.  The  UART  then 
transfers  it  to  the  transmitter  shift  register,  where  it  is 
serially  shifted  onto  the  transmit  line. 

Due  to  current  limitations  in  the  simulator  Conly  a  single 
input  and  a  single  output! ,  and  because  of  the  complexity  of 
the  1854,  several  assumptions  are  made  and  limitations  are 
placed  an  the  operation  of  the  1854. 

First,  the  1854  expects  an  external  clock  input  connected  to 
TCLOCK  Cpin  40!  to  be  16  times  the  actual  transfer  rate  of 
the  serial  data.  To  simplify  the  simulation,  TCLOCK  is 
assumed  to  be  identical  with  the  transmit  frequency. 

Second,  the  1854  is  assumed  to  be  configured  tD  operate  in 
Made  0  by  grounding  pin  2  an  the  chip.  In  this  mode  many 
important  output  functions  are  directly  available  as  output 
pins  an  the  chip.  The  chip  is  also  configured  to  transmit  5 
data  bits.  The  specification  states  that  1.5  stop  bits  are 
transmitted  after  a  5  bit  character  if  the  chip  is 
configured  for  2  stop  bits.  The  simulation  assumes  that  2 
stop  bits  are  transmitted  with  5  bit  characters. 


2.  INPUT  FUNCTION 

Far  this  simulation,  inputs  of  the  1854  are  taken  as 
TCL0CKCH1,  the  external  clock  input,  and  THRLCLD.  Note  that 
the  polarity  of  the  signal  is  designated  in  parenthesis 
after  the  signal.  ”H”  means  the  signal  is  activated,  or 
asserted  when  the  signal  is  high,  or  logic  value  1.  ”L” 

means  the  signal  is  asserted  when  the  signal  is  law,  or 
logical  value  0.  THRL  is  the  transmitter  holding  register 
load  signal  and  is  active-low. 

Because  of  the  limitations  of  having  only  a  single  input, 
the  two  binary  input  signals  are  encoded  into  a  four  level 
input  function.  This  input  function  is  shown  in  figure  1. 
The  values  of  the  binary  inputs  and  the  level  of  the  input 
function  are  related  as  here: 
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THRLCL3  TCLQCKCH3  INPUT  FUNCTION  LEUEL 
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Again,  referring  to  figure  1,  it  can  be  seen  that  the  input 
signal  initially  alternates  between  levels  2  and  3.  This  is 
equivalent  to  the  TCLOCK  input  changing  as  expected  with 
THRL  high,  or  not  asserted. 

When  the  input  signal  alternates  between  levels  4  and  1, 
this  is  equivalent  to  the  THRL  signal  being  asserted  Crecall 
that  it  is  asserted  when  its  value  is  a  logical  03  and  the 
clack  input  continuing  as  before.  Finally  the  THRL  signal 
becomes  not  asserted  and  the  clock  continues  as  before. 

What  the  input  function  is  modeling  is  the  normal  operation 
of  the  1854  UART  and  an  asynchronous  signal  which  loads  a 
character  into  the  holding  register  of  the  UART.  The  time 
axis  for  all  plots  is  expressed  in  units  Df  microseconds. 
Thus,  a  time  interval  of  2  is  equal  to  2  microseconds  and  a 
time  interval  of  .3  is  equal  to  300  nanoseconds. 


3.  DIGITAL  FUNCTION  GENERATORS 

Before  explaining  the  DFGs  themselves,  it  is  first  necessary 
ta  explain  the  meaning  af  each  of  the  8  state  values.  Five 
bit  characters  are  being  transmitted  along  with  a  start  bit 
and  two  stop  bits.  In  addition,  the  UART  may  be  in  a  mark 
state  Cna  data  available  to  transmit! .  This  implies  the 
Following  S  states  along  with  their  state  levels: 

State  Level  State  Description 


1  start  bit  transmission 

2  data  bit  0  transmission 

3  data  bit  1  transmission 

4  data  bit  2  transmission 

5  data  bit  3  transmission 

B  data  bit  4  transmission 

7  first  stop  bit  transmission 

8  second  stop  bit  transmission 

8  mark  transmission 


Some  af  the  DFGs  For  the  simulation  are  shown  in  figures  2- 
1S.  Only  the  DFGs  for  input  levels  1  and  3  are  shown  since 
the  DFGs  for  input  levels  2  and  4  are  constant.  This  makes 
sense  because  during  levels  2  and  4,  the  clock  input, 
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TCLOCK,  is  loui  and  it  is  assumed  that  transitions  occur  on 
the  rising  edge  of  the  clock  pulse. 

To  explain  the  DFGs  in  Figures  £-13,  see  Figure  £  as  a 
typical  example.  Continuity  oF  state  is  assumed  in  the  DFG 
and  aFter  a  time  interval  oF  .31  300  ns  D  the  state 
transitions  From  state  1  to  state  £.  The  300  ns  delay 
reFlects  the  spBCiFicatian  Far  the  1354. 

Nate  in  Figure  10  that  aFter  300  ns,  the  state  transitions 
From  state  0  to  state  1.  In  other  words,  the  DART  transmits 
another  start  bit  aFter  transmitting  the  last  stop  bit. 

This  is  true  assuming  another  character  is  available  to 
transmit  aFter  the  current  character  has  been  sent. 


4.  STATE  FUNCTION 

The  state  Function  versus  time  is  shown  in  Figure  £0 
assuming  an  initial  state  aF  3  C  mark  state  ] .  On  the 
rising  edge  aF  the  next  clock  pulse,  the  UART  transitions  to 
state  1,  then  £,  and  so  an.  This  shows  that  the  1854  is 
transmitting  a  character,  bit  by  bit,  as  it  proceeds  From 
one  state  to  the  next . 

In  actual  operation  aF  the  1854,  it  would  not  proceed  From  a 
mark  state  ta  start  bit  transmission  state  unless  the  THRL 
input  signal  is  pulsed  to  load  a  character.  With  the 
limited  number  aF  states  in  this  simulation,  it  is  not 
possible  to  know  iF  the  transmitter  holding  register  is 
empty  unless  the  THRE  signal  is  monitored  as  another  input. 
This  deviation  From  actual  operation  in  the  simulation  does 
not  obviate  the  results,  however. 


5.  OUTPUT  FUNCTION 

Three  output  signals  are  modeled  For  the  1854.  SD0CH1,  the 
serial  data  output  oF  the  UART  is  where  the  output  data  is 
observed.  THRECH1,  transmitter  holding  register  empty,  is 
asserted  when  the  contents  aF  the  transmitter  holding 
register  have  been  transFerred  to  the  transmitter  shiFt 
register.  TSRECH1,  transmitter  shiFt  register  empty,  is 
asserted  when  the  last  stop  bit  oF  the  character  has  been 
transmitted  and  there  is  no  character  in  the  holding 
register . 

THRE  and  TSRE  become  not  asserted  when  the  input  signal  THRL 
is  asserted.  AFter  THRL  becomes  not  asserted,  the  character 
that  has  been  loaded  into  the  holding  register  is 
transFerred  to  the  shiFt  register  and  THRE  is  asserted. 
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The  three  binary  output  signals  are  encoded  into  a  single  8 
level  output  Function  as  in  figure  SI.  The  output  signals 
and  the  corresponding  output  Function  level  are  shown  below: 


TSRECH3  THRECH3  SD0CH3 


Output  Function  Level 
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The  output  function  waveform  assumes  that  a  five  bit 
character  ’’00101"  is  transmitted,  with  bit  0  ,  a  logical  1, 
transmitted  First.  Referring  to  figure  81,  the  output 
function  starts  at  level  7  C  initially,  holding  register  and 
shift  register  are  empty,  a  mark  or  logical  1  is  output  on 
SD03 .  After  the  next  clack  pulse  the  output  level  drops  to 
S  C  holding  register  still  empty,  start  bit  transmitted]. 

The  output  momentarily  shifts  to  level  3  then  to  lBvel  1 
indicating  that  bit  0  is  being  transmitted  C logical  13,  and 
meanwhile,  the  THRL  input  signal  is  asserted  to  clear  THRE . 

Next,  bit  1  is  transmitted  C logical  03  and  THRE  is  re¬ 
asserted  because  the  character  has  been  transferred  to  the 
shift  register  and  the  holding  register  is  now  empty.  Then 
bits  8  through  8  are  transmitted,  and  two  stop  bits. 

Assuming  the  holding  register  has  been  refilled,  the 
transmitter  continues  to  transmit,  beginning  with  a  start 
bit,  and  so  an. 


6 .  SUMMARY 

This  1854  UART  example  is  a  good  illustration  of  the  utility 
of  the  SAM  simulator.  It  shows  the  basic  operation  of  the 
UART  for  transmitting  5  bit  characters.  This  example  also 
surfaces  several  problems  in  the  simulator. 

First,  it  is  difficult  to  "see"  the  transitions  on  the 
individual  binary  inputs  and  outputs  since  they  are  encoded 
in  a  single  multi-level  signal.  A  more  useful  simulator 
would  allow  separate  inputs  to  be  specified  individually. 

The  same  statement  is  true  far  the  outputs. 

Second,  it  is  difficult  to  accurately  model  what  happens 
when  the  last  stop  bit  of  a  character  is  transmitted.  The 
UART  has  to  sample  the  THRE  signal.  If  this  signal  is 
asserted,  then  enter  the  mark  state.  If  this  signal  is  not 
asserted,  transfer  a  character  from  the  holding  register  to 
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the  shift  register,  enter  the  transmit  start  hit  state,  and 
assert  THRE.  The  difficulty  is  that  THRE  needs  to  be  used 
as  both  an  input  and  output  signal.  The  current  simulator 
does  not  allow  outputs  to  be  fed  back  to  inputs. 

A  less  desirable  way  to  circumvent  this  problem  is  to  add  9 
more  states,  defined  as  far  the  first  9  states  except  that 
one  state  means  THRE  is  asserted  and  the  other  state  means 
THRE  is  not  asserted.  This  immediately  doubles  the 
requirments  of  the  model,  however. 

Further  work  will  allow  the  simulator  to  better  model  the 
precise  behavior  of  asynchronous  devices,  and  thus  provide 
more  accurate  results. 
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RCA  CMOS  LSI  Product; 
CDP1854,  CDP1854C 


cdpussad 

COP1SS4ACO  H-1M1 


COPIM4AI 

COP1SS4ACI  H-1M2 


Programmable 
Universal  Asynchronous 
Receiver/Transmitter  (UART) 


Feature*: 

•  Two  operating  mod**:  ■  Btud  r*t*-DC  to  200  K  bit*/** c 

Mod*  0-tunetlon*lly  compatible  with  @  Vdo=5  V 


induttry  typ*t  such  as  th*  TR1802A 
Mod*  1-int*rlae**  dlrtctly  with 
CDPUXO-tsrilt  microproctssors 
without  tddition*!  component* 

*  Full-  or  half-duplex  operation 

*  Parity,  framing,  and  overrun  arror 
detection 


DC  to  400  K  bits/s*c 

•  Fully  programmeble  with  externally  se¬ 
lectable  word  length  (5-8  bit*),  parity 
inhibit,  even  I  odd  parity,  and  1,  1%,  or 
2  stop  bits 

a  Falsa  start  bit  detection 


Th*  RCA  COP1854A  and  CDP1854AC  art  silicon-gate 
CMOS  Universal  Asynchronous  Receiver/Transmitter 
(UART)  circuits.  They  are  designed  to  provide  th*  necessary 
formatting  and  control  tor  interfacing  between  serial  and 
parallai  data.  For  example,  these  UARTs  can  be  used  to 
interface  between  a  peripheral  or  terminal  with  serial  I/O 
ports  and  the  8-bit  C0P1 800-series  microprocessor  parallel 
data  bus  system.  The  CDP1854A  is  capable  of  full  duplex 
operation,  i.*.,  simultaneous  conversion  of  serial  Input  data 
to  parallel  output  data  and  parallel  input  data  to  serial 
output  data. 

Th*  CDP1854A  UART  can  be  programmed  to  operate  in 
on*  of  two  modes  by  using  th*  mode  control  Input.  When 
th*  mod*  input  is  high  (MOOE=1),  the  CDP1854A  is 


directly  compatible  with  th*  CDPlBOO-serias  micro¬ 
processor  system  without  additional  Interface  circuitry. 
When  the  mod*  input  is  low  (MOOE=0).  the  device  is 
functionally  compatible  with  Industry  standard  UARTs 
such  as  th*  TR1602A.  It  is  also  pin  compatible  with  these 
types,  except  that  pin  2  Is  used  for  the  mod*  control  input 
instead  of  a  Vqq=-i2  V  supply  connection. 

The  CDP1854A  and  the  CDP1854AC  are  functionally 
identical.  Th*  CDP1B54A  has  a  recommended  operating- 
voltage  range  of  4-10.5  volts,  and  the  CDP1854AC  has  a 
recommended  operating-voltage  range  of  4-8.5  volts. 

The  CDP1854A  and  CDP1854AC  are  supplied  in  hermetic 
40-l*ad  dual-in-line  ceramic  packages  (O  suffix)  and  in 
40-lead  dual-in-lin*  plastic  packages  (E  suffix).  The 
C0P1854AC  is  alto  available  in  chip  form  (H  suffix). 
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Terminal  Assignment 


ModeO 

Terminal  Assignment 


1800-S tries  Ptrfphtrals 


CDP1854,  CDP18S4C 

MAXIMUM  RATINGS,  Absolute-Maximum  Valuta: 

DC  SUPPLY-VOLT AQE  RANGE.  (VDD> 

(Voltago  referenced  to  Vgs  Tormlnol) 

COP1SS4A . -0.5  to +11  V 

CO  PI  864 AC . -0.5  to  +7  V 

INPUT  VOLTAGE  RANGE.  ALL  INPUTS . -0.5  to  V0D  +0.5  V 

DC  INPUT  CURRENT.  ANY  ONE  INPUT .  ±10  mA 

POWER  DISSIPATION  PER  PACKAGE  (PD): 

For  TA»-40  to +60*C  (PACKAGE  TYPE  E) .  500  mW 

For  TA*>+60  to +85*  C  (PACKAGE  TYPE  E) . Dorato  Linaarty  »t  12  mW/*C  to  200  mW 

For  TA«=— 5610  100*C  (PACKAGE  TYPE  O) .  500  mW 

For  TA»+100  to +12S*C  (PACKAGE  TYPED) . Oarata Unoorly »t  12  mW/*C to 200 mW 

DEVICE  DISSIPATION  PER  OUTPUT  TRANSISTOR 

FOR  TA-FULL  PACKAGE-TEMPERATURE  RANGE  (All  P* cugt  Typos) .  100  mW 

OPERATING-TEMPERATURE  RANGE  (TA): 

PACKAGE  TYPE  D . -55  to  +12S’C 

PACKAGE  TYPE  E . -40  to  +85"  C 

STORAGE  TEMPERATURE  RANGE  (Tttg)  . -65  to  +150*C 

LEAD  TEMPERATURE  (DURING  SOLOERING): 

At  dituncs  1/16  ±  1/32  In.  (1.59  ±0.79  mm)  from  casafor  10  s  m«x .  +285'C 


use*  mrcnconneer 


Pig.  I  -  Mod a  I  block  diagram  ICOAtBOO-aerlaa  microprocaaaor  compatible). 
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RCA  CMOS  LSI  Products 


COP1854,  CDP1854C 

STATIC  ELECTRICAL  CHARACTERISTICS  at  TA  *  -40  to  *U‘  C,  unlm  otherwise  noted. 


I  CONDITIONS  1  LIMITS 

CHARACTERISTIC 


Ouloacont  Oovlco  Curront,  Iqo 


Output  low  Orlvi  (Sink)  Currant.  Iql 


Output  High  Orlvi  (Sourci)  Currant,  Ioh 
(Except  pin*  24  and  25) 


Output  High  Orlvi  (Sourci)  Currant,  Ioh 
Pin*  24  and  25 


Output  Voltigi  Low-Lival,  Vql* 


Output  Voltigi  Hlgh-L»vil,  Vqh 


Input  Low  Voltigi,  Vil 


Input  High  Voltigi,  V|n 


VO  |  V|N  |  VqD 
(V) 


5 

0,  10  1 _ 10 


0.55  1.1 

0,10  (  10  I  13  2.6 


5  -0.55  -1.1 

0,10  I  10  -1.3  -2.6 


5  -1.6 

0. 10  I  10  -2.8 


0. 10  10 


5 

0,  10  I  10 


-  5 

-  10 


5 


Input  Currant.  Iin 


-  1 0.  10  I  10 


5 

0.  10  1 0,  10  I  10 


-  0, 5  5 

-  0,  10  10 


3-State  Output  Laikagi  Currant,  IquT 


O  pi  rating  Cumnt.  IdOI* 


Input  Capacitance.  Cin 


Output  Capicltanci,  CouT 


•Typical  value*  are  for  Ta=25'C  "'OL-'OH-'  «A- 

"Operating  currant  la  measured  at  200  kHz  for  Voq=S  V  and  400  kHz  for  Vqq^iO  V  in  a  CDP1800- senes  microprocessor  system, 
with  open  outputs 


RECOMMENDEO  OPERATING  CONDITIONS  It  TA*FuH  Pickaga  Tampiratura  Rang* 

for  murimum  rtllsblllty,  optrstlng  conditions  should  bo  stlsctsd  so  thst  operation  is  always  within  tht  following  rsngss: 


CONDITIONS _ LIMITS _ 

CHARACTERISTIC  Vno  C0P1SS4A  I  COP1I54AC  UNITS 


OC  Operating-Voltage  Rang* 


Input  Voltagi  Rang* 


Baud  Rat*  (Racilvi  or  Transmit) 


Functional  Da 
Modal 
CDPISOO-Sar 
SIGNAL:  PUN 

VDD 

Positiv*  suppl 

MODE  SELEC 
A  high-level  v 
microprocess 

vss: 

Ground 

CHIPSELECi 
A  low-level  vo 
selects  the  CC 

RECEIVER  Bl 
Receiver  pa ral 
to  correspond 
INTERRUPT  ( 
A  low-level  vo 
one  or  more  o 

FRAMING  ER  ! 
A  high-level 
received  char 
following  the ! 
voltage.  This  1 
transferred  to 
PARITY  ERRC  . 
A  high-level  v<  • 
PE  or  OE  bit  in  ■ 
Register  Bit  A  ■ 

REGISTER  SE  [ 
This  input  is  v 
Registers  (hi$  s 
registers  (low  j 

RECEIVER  CL  " 
Clock  input  w  V 
shift  rate. 

TPB;  ' 

A  positive  inpi  ■. 
DATA  AVAIL/  ' 
A  low-level  vc  ' 
character  has  i  1 
Holding  Regis 

SERIAL  DATA 
Serial  data  rac 
Shift  Register 
length.  A  high 
data  is  not  bei 

CLEAR  (CLEA  ... 
A  low-level  vc  II 
Flop,  Receive  / 
Statu*  Reglstc  ' 


■>V- 

.-'V V 

V  h 

..v,v 
*  " 

0  ' 

NXv; 

,V>’ 


216 


Functional  Definition*  lor  C0P1154A  Terminal* 

Modal 

COPIMO-Serie*  Mlcroproc***or  Compatible 

SIGNAL:  FUNCTION 

V0O 

Positive  supply  voltag* 

MODE  SELECT  (MOOE): 

A  high-level  voltag*  at  this  input  selects  CDP1800-s*ries 
microprocessor  Mode  operation. 


CHIP  SELECT  2  (CS2): 

A  low-level  voltage  at  this  input  together  with  CS1  and  CS3 
selects  the  COP1854A  UART. 

RECEIVER  BUS  (R  BUS  7  -  R  BUS  0): 

Receiver  parallel  data  outputs  (may  be  externally  connected 
to  corresponding  transmitter  bus  terminate). 

INTERRUPT  (TnT)1 

A  low-level  voltage  at  this  output  indicates  the  presence  of 
one  or  more  of  the  interrupt  conditions  listed  in  Table  I. 
FRAMING  ERROR  (FE): 

A  high-level  voltage  at  this  output  indicates  that  the 
received  character  has  no  valid  stop  bit.  i.e.,  tha  bit 
following  the  parity  bit  (if  programmed)  is  not  a  high-level 
voltage.  This  output  is  updated  each  time  a  character  is 
transferred  to  the  Receiver  Holding  Register. 

PARITY  ERROR  or  OVERRUN  ERROR  (PE/OE): 

A  high-level  voltage  at  this  output  indicates  that  either  the 
PE  or  OE  bit  in  the  Status  Register  has  been  set  (see  Status 
Register  Bit  Assignment.  Table  II. 

REGISTER  SELECT  (RSEL): 

This  input  is  used  to  choose  either  the  Control/Status 
Registers  (high  input)  or  the  transmitter/receiver  data 
registers  (low  input)  accordingto  the  truth  table  in  Table  III. 
RECEIVER  CLOCK  (RCLOCK): 

Clock  input  with  a  frequency  18  times  the  desired  receiver 
shift  rate. 


A  positive  input  pulse  used  as  a  data  load  or  reset  strobe. 
DATA  AVAILABLE  (DA): 

A  low-level  voltage  at  this  output  indicates  that  an  entire 
character  ha*  been  received  and  transferred  to  the  Receiver 
Holding  Register. 

SERIAL  DATA  IN  (SOI): 

Serial  data  received  on  thl*  input  line  enters  the  Receiver 
Shift  Register  at  a  point  determined  by  the  character 
length.  A  high-level  Input  voltage  muet  be  present  when 
data  is  not  being  received. 

CLEAR  (CLEAR): 

A  low-level  voltage  at  this  input  resets  the  Interrupt  Flip- 
Flop.  Receiver  Holding  Register,  Control  Register,  and 
Status  Register,  and  set*  SERIAL  OATA  OUT  (SOO)  high. 


1800-Series  Peripherals 


CDP1854,  CDP1854C 


TRANSMITTER  HOLDING  REGISTER  EMPTY  (THRE): 

A  low-level  voltage  at  this  output  indicates  that  the  Trans¬ 
mitter  Holding  Register  has  transferred  its  contents  to  the 
Transmitter  Shift  Register  and  may  be  reloaded  with  a  new 
character. 

CHIP  SELECT  1  (CS1):  _ 

A  high-level  voltage  at  this  i.iput  together  with  CS2  and  CS3 
selects  the  UART. 

REQUEST  TO  SEND  (RTS): 

Thi*  output  signal  tells  the  peripheral  to  get  ready  to 
receive  data.  CLEAR  TO  SEND  igTSt  is  the  response  from 
the  peripheral.  RTS  is  set  to  a  low-ievel  voltage  when  data  is 
latched  in  the  transmitter  Holding  Register  or  TR  is  set 
high,  and  is  rasat  high  when  both  the  Transmitter  Holding 
Register  and  T ransmitter  Shift  Register  are  empty  and  TR  is 
low. 

SERIAL  DATA  OUTPUT  (SDO): 

Tha  contents  of  the  Transmitter  Shift  Register  (start  bit. 
data  bits,  parity  bit.  and  stop  bit(s)  are  serially  shifted  out  on 
this  output.  When  no  character  is  being  transmitted,  s  high 
level  is  maintained.  Start  of  transmission  is  defined  as  the 
transition  of  the  start  bit  from  a  i.igh-level  to  a  low-level 
output  voltage. 

TRANSMITTER  BUS  (T  BUS  0  -  T  BUS  7): 

Transmitter  parallel  data  input.  These  may  be  externally 
connected  to  corresponding  Receiver  bus  terminals. 
RD/WR: 

A  low-level  voltage  at  this  Input  gates  data  from  the 
transmitter  bus  to  the  Transmitter  Holding  Register  or  the 
Control  Register  as  chosen  by  register  select.  A  high-level 
voltage  gates  data  from  the  Receiver  Holding  Register  or 
the  Status  Register,  as  chosen  by  register  select,  to  the 
receiver  bus. 

CHIP  SELECT  3  (CS3):’ 

With  high-level  voltage  at  this  input  together  with  CS1  and 
CS2  select*  the  UART. 

PERIPHERAL  STATUS  INTERRUPT  (PSI): 

A  high-to-low  transition  on  this  Input  line  sets  a  bit  in  the 
Statu*  Register  and  cause*  an  INTERRUPT  (INT=low). 
EXTERNAL  STATUS  (ES): 

A  low-level  voltage  at  this  input  sets  a  bit  in  the  Status 
Register. 

CLEAR  TO  SENDfCTS): 

When  this  input  from  peripheral  Is  high,  transfer  of  a 
character  to  the  Transmitter  Shift  Register  and  shifting  of 
serial  data  out  is  inhibited. 

TRANSMITTER  CLOCK  (TCLOCK): 

Clock  Input  with  a  frequency  1 8  times  the  desired  transmitter 
shift  rate. 
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Table  I  —  Interrupt  Bet  wd  Rase t Conditions 


BBT*  (INT  •  LOW) 

RESET  (INT  *  HIGH)  I 

CAUSE 

CONDITION 

TIME 

OA 

(Receipt  of  data) 

Read  of  data 

TPB  leading  edge 

THRE* 

(Ability  to  reload) 

Read  of  status  or 

write  of  character 

TPB  leading  edge 

.  THRE  TSRE 

(Transmitter  done) 

Read  of  status  or 

write  of  character 

TPB  leading  edge 

Read  of  status 

TPB  trailing  edge 

CTS 

(Positive  edge  when  THRE  ■  TSRE) 

Read  of  status 

TPB  leading  edge 

'Interrupt!  will  occur  only  after  the  IE  bit  in  the  Control  Regular  (tee  Table  IV)  hat  been  sat 
•THRE  will  cauee  an  interrupt  only  after  the  TR  bit  in  the  Control  Regitter  (tee  Table  IV)  hat  been  aet. 


Table  II  —  Statue  Reglater  Bit  Aaalgnment 


7 

« 

3 

4 

3 

2 

1 

0 

THRE 

TSRE 

PSI 

ES 

FE 

PE 

OE 

DA 

|  Alto  Available  at  Terminal  | 

22’ 

— 

— 

— 

14 

IS 

IS 

19’ 

’Polarity  reverted  at  output  terminal. 


Bit  Signal:  Function 
0— DATA  AVAILABLE  (OA): 

Whan  aet  high,  thia  bit  Indicataa  that  an  entire  character  haa 
bean  received  and  tranatarrad  to  tha  Receiver  Holding 
Reglater.  Thia  algnal  la  alao  available  at  Term.  1 9  but  with  its 
polarity  reverted. 

1—  OVERRUN  ERROR  (OE): 

Whan  eat  high,  thia  bit  indicataa  that  tha  Oata  Available  bit 
waa  not  raaet  before  tha  next  character  waa  tranatarrad  to 
the  Receiver  Holding  Reglater.  Thia  signal  OR'ed  with  PE  ia 
output  at  Term.  IS. 

2—  PARITY  ERROR  (PE): 

When  aet  high,  thia  bit  Indicataa  that  tha  received  parity  bit 
doaa  not  compare  to  that  programmed  by  the  EVEN 
PARITY  ENABLE  (EPE)  control.  Thia  bit  la  updated  each 
time  a  character  la  tranatarrad  to  the  Receiver  Holding 
Reglater.  Thia  algnal  OR'ed  with  OE  ia  output  at  Term.  1 5. 

3 —  FRAMING  ERROR  (FE): 

When  aet  high,  thia  bit  Indicataa  that  the  received  character 
haa  no  valid  atop  bit,  I. a.,  the  bit  following  the  parity  bit  (If 
programmed)  ia  not  a  high-level  voltage.  Thia  bit  la  updated 
each  time  a  character  la  transferred  to  the  Receiver  Holding 
Register.  This  algnal  la  also  available  at  Term.  14. 


4- EXTERNAL  STATUS  (ES):  _ 

Thia  bit  ia  sat  high  by  a  low-level  input  at  Term.  38  (ES). 

5—  PERIPHERAL  STATUS  INTERRUPT  (PSI): 

Thia  bit  It  sat  high  by  a  high-to-low  voltage  transition  of 
Term.  37  (P5j).  Tha  INTERRUPT  output  (Term.  13)  is  also 
asserted  (I NT =low)  when  thia  bit  ia  set. 
3-TRANSMITTER  SHIFT  REGISTER  EMPTY  (TSRE): 
When  sat  high,  thia  bit  indicataa  that  tha  Transmitter  Shift 
Register  haa  completed  serial  trantmiaaion  of  a  full 
character  including  stop  bit(t).  It  remains  set  until  the  start 
of  transmission  of  tha  next  character. 

7-TRANSMITTER  HOLDING  REGISTER  EMPTY  (THRE): 
When  set  high,  this  bit  indicates  that  tha  Transmitter 
Holding  Register  haa  transferred  its  contents  to  the 
Transmitter  Shift  Register  and  may  be  reloaded  with  a  new 
character.  Setting  thia  bit  alto  sets  the  TMhE  output  (Term. 
22)  low  and  causes  an  INTERRUPT  (IN+=low),  If  TR  is 
high. 
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OncHpHm  •(  Mod*  1  Operation  CDP1S00- Series  Micro- 
poomor  Compatible  (Mod*  Input-Vgo) 

1.  InWaBsaBon  and  Control* 

In  th*  COP 1800-series  microprocessor  compatible  mod*, 
th#  CDP1864A  i»  configurad  to  racalv*  command*  and 
aond  Matua  via  th*  mlcroprocaaaor  data  bua.  Th*  register 
conn*ct*d  to  th*  tranamfttar  bua  or  th*  racalvar  bua  la 
determined  by  th*  RO/fiH  and  RSEL  input*  a a  follow*: 

_ Tabt*  in  —  H*gtat*r  telectjon  Summery _ 


MM. 

Function 

Low 

Low 

Load  Transmitter  Holding  Register  from 
Transmitter  Bus 

Low 

High 

Read  Receiver  Holding  Register  from 
Receiver  Bus 

High 

Low 

Load  Control  Register  from  Transmitter 

Bua 

High 

High 

Read  Status  Register  from  Receiver  Bus 

_  1800-Sorlaa  Peripheral* 


C DP 1854,  CDP1854C 

On*  tranamittar  clock  period  after  th*  Tranamlttar  Shift 
Register  la  loaded  from  th*  Tranamittar  Holding  Register, 
th*  THRE  algnal  will  go  low  and  an  interrupt  will  occur  (Tin’ 
go**  low) .  Th*  next  character  to  b*  transmitted  can  than  b* 
loaded  Into  th*  Tranamittar  Holding  R*gi*t*r  for  trans¬ 
mission  with  Ita  start  bit  Immediately  following  th*  last  atop 
bit  of  th*  previous  character.  This  cycle  can  b*  r*p*at*d 
until  th*  last  character  la  transmitted,  at  which  tim*  a  final 
THRE  ■  TSRE  interrupt  will  occur.  This  interrupt  signal*  th* 
microprocessor  that  TR  can  b*  turned  off.  This  is  don*  by 
reloading  th*  original  control  byte  in  th*  Control  Register 
with  th*  TR  bit  *  0,  thu*  terminating  th*  REQUEST  TO 
3ERb  (RTS)  signal. 

SERIAL  DATA  OUT  (SDO)  can  b*  h*ld  low  by  setting  th* 
BREAK  bit  In  th*  Control  Register  (a**  Table  IV)  SDO  is 
held  low  until  th*  BREAK  bit  is  react. 


In  this  mod*  th*  C0P1854A  is  compatible  with  a  bidirec¬ 
tional  bus  system.  Th*  receiver  and  tranamittar  bus**  are 
connected  to  th*  bus.  CDP1 800- senes  microprocessor  I/O 
control  output  signals  can  b*  connected  directly  to  th* 
C0P1 654A  inputs  as  shown  in  Fig.  2.  Th*  CLEAR  Input  is 
pulsed,  resetting  th*  Control.  Status,  and  Receiver  Holding 
Registers  and  setting  SERIAL  DATA  OUT  (SDO)  high.  Th* 
Control  Register  is  loaded  from  th*  Transmitter  Bus  in 
order  to  determine  th*  operating  configuration  for  the 
UART.  Data  I*  transferred  from  the  Transmitter  Bus  Inputs 
to  th*  Control  Register  during  TPB  when  th*  UART  Is 
selected  CS1  •  CS?  ■  CS3=»1|  and  th*  Control  Register  la 
designated  (RSEL*H,  RD/WR=L).  The  CDPl 854A  also  has 
a  Status  Register  which  can  be  read  onto  th*  Receiver  Bus 
(R  BUS  0  -  R  BUS  7)  in  order  to  determine  th*  status  of  th* 
UART.  Some  of  these  status  bits  are  also  available  at 
separate  terminals  as  indicated  in  Table  II. 

2.  Transmitter  Operation 

Before  beginning  to  transmit,  th*  TRANSMIT  REQUEST 
(TR)  bit  in  th*  Control  Register  (see  bit  assignment,  Table 
IV)  is  set.  Loading  th*  Control  Register  with  TR=t  (bit 
7*high)  inhibits  changing  th*  other  control  bits.  Therefor* 
two  loads  ar*  required:  on*  to  format  th*  UART.  th*  second 
to  set  TR.  When  TR  has  been  set,  a  TRANSMITTER 


signalling  th*  microprocessor  that  th*  T ransmittar  Holding 
Register  is  empty  and  may  be  loaded.  Setting  TR  also 
causes  assertion  of  a  low-level  on  th*  REQUEST  TO  SEND 
(RTS)  output  to  th*  peripheral.  It  ls  not  necessary  to  set  TR 
lor  proper  operation  for  th*  UART.  II  desired,  It  can  be  used 
to  enable  THRE  interrupts  and  to  generate  th*  RtS  signal. 
Th*  T ransmitter  Holding  Register  is  loaded  from  th*  bus  by 
TPB  during  execution  of  an  output  instruction.  Th* 
COP1854A  is  selected  by  CS1  •  CS3  ■  CS3=1.  snd  the 
Holding  Register  is  selected  by  RS£L=*L  and  RO/WR=L. 
When  th*  CLEAR  TO  SEN 6  (CTS)  input,  which  can  be 
connected  to  a  peripheral  device  output,  goes  low,  the 
Transmitter  Shift  Register  will  be  loaded  from  th*  Trans¬ 
mitter  Holding  Register  and  data  transmission  will  begin.  If 
CTS  is  always  low,  the  Transmitter  Shift  Register  will  be 
loaded  on  th*  first  high-to-low  edge  ol  th*  clock  which 
occurs  at  least  1/2  clock  period  after  th*  trailing  edge  of 
TPB  and  transmission  of  a  start  bit  will  occur  1/2  clock 
period  later  (see  Fig.  3).  Parity  (if  programmed)  and  stop 
blt(s)  will  be  transmitted  following  th*  last  data  bit.  It  th* 
word  length  selected  is  less  than  8  bits,  th*  most  significant 
unused  bits  in  th*  transmitter  shift  register  will  not  be 
transmitted. 


irt  i _ 

TT.I - 

rr.i - 

tt.L— 
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»  SUS 

1  cut*  uoot 


Fig.  2  -  Fscomms nded  CDPWO-stnee  connection. 

Mode  1  {non-interrupt  driven  tyttem). 

3.  Receiver  Operation 

Th*  receive  operation  begin*  when  a  start  bit  is  detected  at 
th*  SERIAL  DATA  IN  (SDI)  input.  Alter  detection  of  th*  first 
high-to-low  transition  on  th*  SDI  line,  a  valid  start  bit  is 
verified  by  checking  for  a  low-level  input  7-1/2  receiver 
clock  periods  later.  When  a  valid  start  bit  has  been  verified, 
th*  following  data  bits,  parity  bit  (if  programmed)  and  stop 
bit(s)  ar*  shifted  into  th*  Receiver  Shift  Register  by  clock 
puls*  7-1/2  In  each  bit  tim*.  The  parity  bit  (if  programmed) 
is  checked  and  receipt  of  s  valid  stop  bit  is  verified.  On 
count  7-1/2  of  th*  first  stop  bit.  th*  received  data  is  loaded 
into  th*  Receiver  Holding  Register.  If  th*  word  length  is  less 
than  8  bit*,  zeros  (low  output  level)  are  loaded  Into  th* 
unused  most  significant  bits.  If  OATA  AVAILABLE  (DA) 
has  not  been  reset  by  the  time  th*  Receiver  Holding 
Register  is  loaded,  th*  OVERRUN  ERROR  (OE)  status  bit  is 
set.  On*  half  clock  period  later,  th*  PARITY  ERROR  (PE) 
and  FRAMING  ERROR  (FE)  status  bits  become  valid  for  th* 
character  In  th*  Receiver  Holding  Register.  At  this  time,  th* 
Data  Available  status  bit  is  also  sat  and  th*  DATA 
AVAILABLE  (DA)  and  INTERRUPT  (INT)  outputs  go  low. 
signalling  th*  mtcrop[OC**sor  that  a  received  character  is 
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ready.  The  microprocessor  responds  by  executing  an  input 
inatruction.  Tha  OARTa  3-atata  but  drl vara  are  anabiad 
whan  tha  UART  la  aatactad  (CS1  ■  C§2  ■  CS3-1)  and 
RO/WR»hlgh.  Statua  can  ba  read  whan  RSEL=hlgh.  Data 
la  read  whan  RSEL-low.  Whan  reading  data.  TPB  latches 
date  In  tha  microprocaaaor  and  reaata  DATA  AVAILABLE 
(DA)  in  tha  UART.  Tha  precadlng  sequence  la  repaatad  tor 
aach  aartal  charactar  which  la  recaivad  from  tha  parlpharal. 


4.  Peripheral  liitertaca 

In  addition  to  aortal  date  in  and  out,  lour  aignala  are 


provldad  lor  communication  with  a  parlpharal.  Tha 
REQUEST  TO  SEND  (RT$)  output  alonal  alerts  tha 
peripheral  to  gat  raady  to  racaiva  data.  Tha  CLEAR  TO 
SEND  (CT5)  input  algnal  la  tha  reaoonaa,  alanalllno  that 
tha  parlpharal  la  ready.  Tha  ExtEftNAL  STATUS  (E5~l 
Input  latchaa  a  parlpharal  atatua  laval,  and  tha  PERIPHERAL 
STATUS  in  rtHHUPT  (pslj  Input  aanaaa  a  atatua  adga 
(hlgh-to-low)  and  alto  oanarataa  an  Interrupt.  Foraxamplo. 
tha  modem  OAfA  CARRIER  DETECT  line  could  ba 
connected  to  tha  PSI  Input  on  tha  UART  In  order  to  algnal 
tha  microprocaaaor  that  trenamlaaion  failed  becauae  of 
loaa  ol  tha  carrier  on  tha  communicatione  line.  Tha  PSI  and 
ES  bite  are  atored  In  tha  Statua  Ragiatar  (aaa  Table  II). 


Table  IV  —  Control  Ragiatar  Bit  Aaaignment 


Bit  Signal:  Function 
0 — PARITY  INHIBIT  (PI): 

Whan  aat  high  parity  generation  and  varilication  are 
Inhibited  and  tha  PE  Statua  bit  la  held  low.  If  parity  la 
inhibited  tha  atop  bit(a)  will  Immediately  follow  tha  laat  data 
bit  on  trenamlaaion,  and  EPE  it  Ignored. 

1-EVEN  PARITY  ENABLE  (EPE): 

Whan  aat  high,  even  parity  la  generated  by  tha  tranamittar 
and  checked  by  tha  receiver  Whan  low.  odd  parity  la 


2— STOP  BIT  SELECT  (SBS): 

Saa  table  below. 

3—  WORO  LENGTH  SELECT  1  (WLS1): 
See  table  below. 

4—  WORO  LENGTH  SELECT  2  (WLS2): 
Saa  table  below. 


5— INTERRUPT  ENABLE  (IE): 

When  set  high  THHE.  DA.  THRE  ■  TSRE,  CTsT  and  PSI 
interrupta  are  anabiad  (aaa  Interrupt  Conditions.  Table  I). 

6—  TRANSMIT  BREAK  (BREAK). 

Holds  SDO  low  whan  sat.  Once  tha  break  bit  in  the  control 
register  has  bean  sat  high,  SDO  will  stay  low  until  thebreak 
bit  is  reset  low  and  ona  ol  the  following  occurs:  CLEAR 
goes  low;  C'tS  goes  high;  or  a  word  la  transmitted.  (Tha 
transmitted  word  will  not  ba  valid  since  there  can  be  no  start 
bit  if  SDO  is  already  low.  SDO  can  be  sat  high  without 
intermediate  transitions  by  transmitting  a  word  consisting 
of  alt  zeros). 

7—  TRANSMIT  REQUEST  (TR): 

Whan  sat  high,  RT5  Is  sat  low  and  data  transfer  through  the 
transmitter  Is  Initiated  by  the  initial  thre  interrupt.  (Whan 
loading  the  Control  Register  from  the  bus.  this  (TR)  bit 
inhibits  changing  of  other  control  ftip-flops). 


•It  4 

BUS 

Blt2 

Function 

WLS2 

WLS1 

SBS 

0 

0 

0 

S  data  bits,  t  stop  bit 

0 

0 

1 

9  data  bits,  1 .9  atop  bits 

0 

1 

0 

9  data  bits,  1  stop  bit 

0 

1 

1 

6  data  bits,  2  stop  bits 

1 

0 

0 

7  data  bits.  1  stop  bit 

1 

0 

1 

7  data  bits,  2  stop  bits 

1 

1 

0 

8  data  bits,  1  stop  bit 

1 

1 

6  data  bits.  2  stop  bits 
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Ct*NOpaIMflt.l 


CHARACTERISTIC 


Trutwlltor  Timing  —  Mod*  1 


Minimum  Clock  Period 


Minimum  Pulaa  Width: 
Clock  Low  Laval 


Clock  High  Laval. 

«CH 

TPB 

tTT 

Minimum  Setup  Tima: 

TPB  to  Clock 

tTC 

Propagation  Delay  Tima: 

Clock  to  Data  Start  Bit 

•CD 

TPB  to  THRE 

*TTH 

Clock  to  THRE 

*CTH 

*Typical  valim  am  for  TA«25*C  and  nominal  voltagai. 

‘Maximum  llmita  of  minimum  charactariatica  art  th*  valuaa  abova  which  all  davicaa  function 


TaaaauitTca  molomo*  ,t«*hsi*ttix  wixt  "  * 
ata«Tt*  uoxoco  — ,  /aaonTf*  u>*oto 


tH~  i  i 

j — i _ S-j _ 

UnJtTTM  !J  —'CTM 


*  TMC  MOL0m«  NC«STCN  is  LOAOCO  ON  THE  TMMJNB  EMC  or  TPt 

»»  TMt  TNANSMITTCN  SHtfT  NIOiSTtN  IS  UUOCD  ON  TMC  PUST  MtfM-TO-UJW  TNANSlTlON  OP  THf 
CLOCK  *M*CM  OCCUNS  AT  LEAST  » /t  CUXK  PtffOO  ♦  trc  ATTfP  THE  TKAA.WS  EDGE  OP  TPS,  AMO 
TSANSMSSION  OP  A  ST  AST  BIT  OCCUNS  1/1  CLOCK  PfNCO  ♦  iCQ  LATTN 

♦  WNITf  IS  TMC  OVCNlAP  OP  TPS,  CSl,  AMO  CSS  *  ■  ANO  NO  /  VV  •  0  MCM-SiffS 


Fig.  3  *  Trtn$mitt0r  timing  diagram  -  Mods  1. 
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DYNAMIC  ELECTRICAL  CHARACTERISTICS  at  Ta  » 
Cl*ioo  pr,M*ns4. 


CHARACTERISTIC 


Racehwr  Tlmtofl  —  Mod*  1 


)  to  Voo  ±»*.  »».  V|H*0.T  Voo.  V|L*M  Voo. 


Vdd 


Minimum  Clock  Period 

tec 

Minimum  Pulto  Width: 

Clock  Low  Lovol 

<CL 

Clock  High  Level 

*CH 

TPfl 

*TT 

Minimum  Setup  Time: 

Date  Start  Bit  to  Clock 

toe 

(Propagation  Oalay  Tima: 

TPB  to  BAtA  AVAILABLE 

PDA 

Oock  to  OATA  AVAILABLE 

‘CDA 

Clock  to  Overrun  Error 

‘COE 

Clock  to  Parity  Error 

‘CPE 

Clock  to  Framing  Error 

*CFE 

TTyptetl  values  ere  tor  Ta*25*C  sod  no  mm  el  voltage*. 

*  Maximum  limits  of  minimum  characteristics  ara  th#  values  above  which  all  devices  function. 


**IT  1  CUKR  TV* 

-i  SAMRLt. 

“’cl  \ 

a  clock  PI  PIiPIiPIjPIaPIsPUPI  tI  1 


CLOCK  rV|  load  holding  ncgistca 

i«nin»nin»n»n«n 


STANT  AIT 


-’tda-w 


KARITT  I  5 TON  WT  I 


»  IK  ASTANT  eTOCCUGt  AT  A  THAI  LISG  THAN  t|)C  KKOMl  A  WSM-TO-LOW  TRANSITION  OK  TNI  CLOCK, 

TN*  START  DIT  MAT  NOT  M  AtCCGNIMD  UNTIL  TM(  NUT  HIGH  -TO-lOW  TNANGITION  OK  TNG  CLOCK 
THt  GTAMT  GIT  MAT  Gf  COMKLITILT  AGTNCMMNOUG  WITH  TNI  CLOCK. 

MM  MIAO  ISTXC  OVfRLAR  OK  CGI,  CSG,  GO/SI'l  ANO  <I1>0. 

IK  A  KNOWN  DA  HAG  NOT  KIN  CLIAKD  NT  A  KAO  OK  TH|  MCtlVtH  HOLDING  KOIGTtl  NT  TW 
T'Mt  A  NCV  MONO  IG  LOAMD  WTO  THI  KCtIVIA  HOLDING  GIMTtG.  THI  01  SIGNAL  MILL  COW  TGut 
I  01  ANO  K  GHAK  TIGMINAL  II  ANO  AK  ALGO  MMILAGLI  AG  TWO  3f  KARAT!  GITS  IN  THI  STATUS  KGiSTKN 


Fl$.  4  -  MoOg  f  tgcgItgt  timing  aitenm. 
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DYNAMIC  ELECTRICAL  CHARACTERISTIC*  NT**  -40  to  ♦«**C,  V00  ±»%  V.tfiO  na,  V,m*0.7  VBd.  V11-O.S  Vnn. 
C|.-100pF,  ae*  Flg-S.  “ 


CHARACTERISTIC 


CPU  Interlace  -  WRITE  Timing  -  Mode  1 

Minimum  Pule*  Width: 

TPB 

Minimum  Setup  Time: 

Ho  EL  CO  Wfl(»  . 

Data  to  Write 

«ow 

Minimum  Hold  Time: 

RSEL  after  Write 

*wns 

Data  alter  Write 

two 

^Typical  value*  art  ter  T*«2S*C  and  nominal  voitagat. 

•Maximum  limit*  ot  minimum  charecterlatlc*  are  tha  valuta  above  which  ail  davicaa  function. 


DYNAMIC  ELECTRICAL  CHARACTERISTIC*  at  T*  *  -40  to  ♦•I'C,  VD0  ±«%,  V.tf-20  na,  V,M*0.r  VDD>  V|L*0.S  Vdo. 
Ci  «100  pF,  ***  Fig.  4. 


CHARACTERISTIC 


CPU  Interlace  —  REAO  Timing  —  Mod*  I 


Minimum  Setup  Time: 

RSEL  to  TPB 

tRST 

Minimum  Hold  Time: 

RSEL  after  TPB 

*TRS 

Reed  to  Data  Acceae  Time 

tRDDA 

Read  to  Data  Valid  Time 

tROV 

RSEL  to  Oata  Valid  Time 

tRSOV 

Hold  Time: 

Oata  after  Read 

•ROH 

-  79 

SO  ISO 


tTypical  vaiuea  are  tor  T*»3S*C  and  nominal  voltage* 

•Maximum  limit*  ot  minimum  ebamctertadc*  tie  die  value*  above  which  all  device*  function. 
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Function*  OaflnMone  tor  CDP1M4A  Terminals 
Standard  Hod*  0 

SIGNAL:  FUNCTION 

Voo: 

Positive  supply  voltage. 

MODE  SELECT  (MODE). 

A  low-level  voltage  at  this  Input  aalacta  Standard  Mod*  0 
Oparatlon. 

Vss: 

Ground. 

RECEIVER  REGISTER  DISCONNECT  (RRO): 

A  high-level  voltage  appllad  to  this  input  disconnect!  the 
Racaivar  Holding  Register  front  tha  Receiver  Bus 

RECEIVER  BUS  (R  BUS  T  -  R  BUS  0): 

Receiver  parallel  data  outputs. 

PARITY  ERROR  (PE): 

A  high-level  voltage  at  thla  output  Indicates  that  the 
received  parity  does  not  compare  to  that  programmed  by 
the  EVEN  PARITY  ENABLE  (EPE)  control.  This  output  la 
updated  each  time  a  character  la  transferred  to  the  Receiver 
Holding  Register.  PE  tinea  from  a  number  of  arrays  can  be 
bused  together  since  an  output  disconnect  capability  la 
provided  by  the  STATUS  FLAG  DISCONNECT  (SFD)  line. 

FRAMING  ERROR  (FE): 

A  high-level  voltage  at  this  output  Indicates  that  the 
received  character  has  no  valid  stop  bit.  I.e..  the  bit 
following  the  parity  bit  (It  programmed)  is  not  a  high-level 
voltage.  This  output  is  updated  each  time  a  character  la 
transferred  to  the  Receiver  Holding  Register.  FE  lines  from 
a  number  of  arrays  can  be  bused  together  since  an  output 
disconnect  capability  is  provided  by  the  STATUS  FLAG 
DISCONNECT  (SFD)  line. 

OVERRUN  ERROR  (OE): 

A  high-level  voltage  at  this  output  indicates  that  the  DATA 
AVAILABLE  (DA)  flag  was  not  reset  before  the  next 
character  was  transferred  to  the  Receiver  Holding  Register. 
OE  lines  from  a  number  of  arrays  can  be  bused  together 
since  an  output  disconnect  capability  is  provided  by  tha 
STATUS  FLAG  DISCONNECT  (SFD)  line. 

STATUS  FLAG  DISCONNECT  (SFD): 

A  high-level' voltage  applied  to  this  input  disables  the  3- 
state  output  drivers  for  PE.  FE.  OE.  DA.  and  THRE.  allowing 
these  statue  outputs  to  be  bus  connected. 

RECEIVER  CLOCK  (RCLOCK): 

Clock  input  with  a  frequency  16  times  the  desired  receiver 
shift  rate. 

DATA  AVAILABLE  R&tf'  (OAR): 

A  low-level  voltage  applied  to  this  input  resets  the  DA 
flip-flop. 

OATA  AVAILABLE  (OA): 

A  high-level  voltage  at  this  output  indicates  that  an  entire 
character  has  been  received  and  transferred  to  the  Receiver 
Holding  Register. 

SERIAL  OATA  IN  (SOI): 

Serial  data  received  at  this  input  enters  the  receiver  shift 
register  at  a  point  determined  by  the  character  length.  A 
high-level  voltage  must  be  present  whan  data  is  not  being 
received. 

MASTER  RESET  (MR): 

A  high-level  voltage  at  this  input  resets  the  Receiver 
Holding  Register.  Control  Register,  and  Status  Register, 
and  seta  the  serial  data  output  high. 
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TRANSMITTER  HOLOING  REGISTER  EMPTY  (THRE): 

A  high-level  voltage  at  thla  output  Indicates  that  the 
Transmitter  Holding  Register  has  transferred  Its  contents 
to  the  T  ransmltter  Shift  Register  and  may  be  reloaded  with 

a  new  character. _ 

TRANSMITTER  HOLOING  REGISTER  LOAO  (THRL): 

A  low-level  voltage  applied  to  thla  Input  enters  tha  character 
on  the  bus  Into  the  Transmitter  Holding  Register.  Data  la 
latched  on  tha  trailing  edge  of  this  signal. 

TRANSMITTER  SHIFT  REGISTER  EMPTY  (TSRE): 

A  high-level  voltage  at  this  output  Indicates  that  the 
Transmitter  Shift  Register  has  completed  aerial  transmission 
of  a  full  character  including  stop  bit(s).  It  remains  at  this 
level  onth  the  start  of  transmission  of  the  next  character. 

SERIAL  OATA  OUTPUT  (SOO): 

The  contents  of  tha  Transmitter  Shift  Register  (start  bit, 
data  btta,  parity  ML  and  stop  (blt(s))  are  serially  shifted  out 
on  this  output  When  no  character  la  being  transmitted,  a 
high-level  is  maintained.  Start  of  transmission  is  defined  as 
the  transition  of  the  start  Mt  from  a  high-level  to  a  low-level 
output  voltage. 

TRANSMITTER  8 US  (T  BUS  0  -  T  BUS  7): 

Transmitter  parallel  data  Inputs. 

CONTROL  REGISTER  LOAD  (CRL): 

A  high-level  voltage  at  thla  input  loads  the  Control  Register 
with  the  control  bits  (PI.  EPE.  SBS.  WLSt .  WLS2).  This  line 
may  be  strobed  or  hardwired  to  a  high-level  input  voltage. 

PARITY  INHIBIT  (PI): 

A  high-level  voltage  at  thla  input  inhibits  the  parity  genera¬ 
tion  and  verification  circuits  and  will  clamp  the  PE  output 
low.  If  parity  Is  InhIMted  the  stop  bit(s)  will  immediately 
follow  the  last  data  Mt  on  transmission. 

STOP  BIT  SELECT  (SBS): 

Thla  Input  selects  the  number  of  stop  bits  to  be  transmitted 
after  the  parity  ML  A  high-level  selects  two  stop  bits,  a 
low  level  selects  one  stop  ML  Selection  of  two  stop  bits 
with  five  data  Mta  programmed  selects  1 .9  atop  bits. 


«g.  I  -  Mods  0  connection  diagram. 


RCA  CMOS  LSI  ProducU _ 

CD  PI  854,  CDP1854C 

WOftO  LENGTH  SELECT  2  (WLS2): 

WORD  LENGTH  SELECT  1  (WLS1): 

That*  two  Input*  select  th*  character  length  (axclutiv*  ot 
parity)  a*  follow*: 


WU2 

WL61 

Word  Length 

Low 

Low 

5  Bits 

Low 

High 

6  Bits 

High 

Low 

7  Bits 

High 

High 

8  Bits 

EVEN  PARITY  ENABLE  (EPE): 

A  high-itval  voltag*  at  thit  input  Mlact*  avan  parity  to  be 
generated  by  the  transmitter  and  checked  by  th*  receiver.  A 
low-level  input  select*  odd  parity. 

TRANSMITTER  CLOCK  (TCLOCK): 

Clock  Input  with  a  frequency  16  times  the  desired  transmitter 
shift  rate. 


Description  of  Standard  Mode  0  Operation 
(Mod*  lnput>Vgg) 

1.  Initialization  and  Control* 

Th*  MASTER  RESET  (MR)  input  is  pulsed,  resetting  the 
Control,  Status,  and  Receiver  Holding  Registers  and  setting 
th*  SERIAL  DATA  OUTPUT  (SOO)  signal  high.  Timing  is 
generated  from  th*  clock  inputs.  Transmitter  Clock 
(TCLOCK)  and  Receiver  Clock  (RCLOCK),  at  a  frequency 
equal  to  16  times  the  serial  data  bit  rat*.  When  th*  receiver 
data  input  rat*  and  th*  transmitter  data  output  rat*  are  th* 
same,  the  TCLOCK  and  RCLOCK  Inputs  may  be  connected 
together.  The  CONTROL  REGISTER  LOAO  (CRL)  input  is 
pulsed  to  ator*  th*  control  inputs  PARITY  INHIBIT  (PI), 
EVEN  PARITY  ENABLE  (EPE).  STOP  BIT  SELECT  (SBS). 
and  WORD  LENGTH  SELECT*  (WLS1  and  WLS2).  These 
input*  may  be  hardwired  to  the  proper  voltage  levels  (Vss 
or  Voo)  instead  of  being  dynamically  set  and  CRL  may  be 
hardwired  to  Vqq  Th*  COP1854A  is  then  reedy  tor 
transmitter  and/or  receiver  operation. 

2.  Transmitter  Operation 

For  th*  transmitter  timing  diagram  refer  to  Fig.  io.  At  th* 
beginning  of  a  typical  transmitting  sequence  the  Transmitter 
Holding  Register  is  empty  (THRE  Is  HIGH).  A  character  is 
transferred  from  the  transmitter  bus  to  the  Transmitter 


holding  Register  bv  applying  a  low  pulse  to  th*  TRANS¬ 
MITTER  HOLDING  REGISTER  LOAD  (TRRETlnput  causing 
THRE  to  go  low.  If  th*  Transmitter  Shift  Register  Is  empty 
(TSRE  is  HIGH)  and  th*  clock  is  low,  on  th*  next  high-to- 
low  transition  of  th*  clock  th*  character  la  loaded  into  th* 
Transmitter  Shift  Register  preceded  by  a  start  bit  Serial 
data  transmission  begins  1/2  clock  period  later  with  a  start 
bit  and  5-8  data  bits  followed  by  th*  parity  bit  (if  pro¬ 
grammed)  and  stop  blt(s).  The  THRE  output  signal  goes 
high  1/2  clock  period  later  on  th*  high-to-low  transition  of 
th*  clock.  When  THRE  goes  high,  another  character  can  be 
loaded  into  th*  Transmitter  Holding  Register  for  trans¬ 
mission  beginning  with  a  start  bit  immediately  following  the 
last  stop  bit  of  th*  previous  character.  This  process  is 
repeated  until  all  characters  have  been  transmitted.  When 
transmission  la  complete,  THRE  and  Transmitter  Shift 
Register  Empty  (TSRE)  will  both  be  high.  Th*  format  of 
serial  data  is  shown  in  Fig.  12.  Duration  ot  each  serial 
output  data  bit  is  datarmlned  by  th*  transmitter  clock 
frequency  (fCLOCK)  and  will  be  16/f  CLOCK. 

3.  Receiver  Operation 

The  receive  operation  begins  when  a  start  bit  is  detected  at 
the  SERIAL  DATA  IN  (SDI)  Input.  After  the  detection  of  a 
high-to-low  transition  on  th*  SDI  line,  a  divtd*-by-16 
countar  is  enabled  and  a  valid  start  bit  is  verified  by 
checking  for  a  low-level  input  7-1/2  receiver  clock  periods 
later.  When  a  valid  start  bit  has  been  verified,  th*  following 
data  bits,  parity  bit  (if  programmed),  and  stop  bit(s)  are 
shifted  into  th*  Receiver  Shift  Register  at  clock  pulse  7-1/2 
in  each  bit  time.  If  programmed,  th*  parity  bit  is  checked, 
and  raceipt  of  a  valid  stop  bit  is  verified.  On  count  7-1/2  of 
th*  first  stop  bit.  th*  received  data  is  loaded  into  th* 
Receiver  Holding  Register.  If  th*  word  length  Is  less  than  S 
bits,  zeros  (low  output  voltag*  level)  are  loaded  into  th* 
unused  most  significant  bits,  if  DATA  AVAILABLE  (DA) 
has  not  been  reset  by  the  time  the  Receiver  Holding 
Register  Is  loaded,  th*  OVERRUN  ERROR  (OE)  signal  is 
raised.  One-half  clock  period  later,  th*  PARITY  ERROR 
(PE)  and  FRAMING  ERROR  (FE)  signals  become  valid  lor 
th*  character  in  th*  Receiver  Holding  Register.  Th*  DA 
signal  is  also  raised  at  this  time.  Th*  3-stat*  output  drivers 
for  DA,  OE.  PE  and  FE  are  enabled  when  STATUS  FLAG 
DISCONNECT  (SFD)  Is  low.  When  RECEIVER  REGISTER 
DISCONNECT  (RRD)  goes  low,  the  receiver  bus  3-stst* 
output  drivers  sr*  enabled  and  data  is  available  at  th* 
RECEIVER  BUS  (R  BUS  0  -  R  BUS  7)  outputs.  Applying  a 
negative  puls*  to  th*  DATA  AVAILABLE  RESET  (DAR) 
resets  DA.  Th*  preceding  sequence  of  operation  is  repeated 
lor  each  serial  character  received.  A  receiver  timing  diagram 
is  shown  in  Fig.  11. 
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Dimanaiona  and  PM  layout  tor  C0P1SS4ACH 


Dimanaiona  in  paranthaaaa  art  in  milltmatara  and  ara  darivad  from 
Ilia  ttaale  inch  dimanaiona  aa  indicatad ■  Brid  graduatlona  ara  in 
rniia  (ItrJ  inch). 


OPERATING  AND  HANDLING  CONSIDERATION* 

1.  Handling 

All  inputs  and  outputs  ol  RCA  CMOS  devices  Have  a 
network  lor  electrostatic  protection  during  handling. 
Recommended  handling  practices  lor  CMOS  devices 
are  described  In  ICAN-6S2S  "Guide  to  Better  Handling 
and  Operation  of  CMOS  Integrated  Circuits.'' 

2.  Operating 

Operating  V Ortega 

During  operation  near  the  maximum  supply  voltage 
limit,  care  should  be  taken  to  avoid  or  suppress  power 
supply  tum-on  and  turn-off  transients,  power  supply 
ripple,  or  ground  noise;  any  of  these  conditions  must 
not  cause  Vqo—VsS  *o  exceed  the  absolute  maximum 
rating. 


Tfra  photograph*  and  dimanaiona  rapraaant  a  chip  whan  il  ta  pan 
01  rna  watar  Whan  tha  walar  ta  cut  into  chip*.  Iha  claavaga  anglaa 
ara  5?"  mataad  ol  80*  with  raapact  to  tha  faca  ol  tha  chip 
Tharatora.  tha  iaolatad  chip  ta  actually  7  mtla  1 0  1 7  mm)  largar  in 
both  dimanaiona. 


Input  Signals 

To  prevent  damage  to  the  input  protection  circuit, 
input  signals  should  never  be  greater  than  Vqq  nor 
less  than  VsS-  Input  currents  must  not  exceed  10  mA 
even  when  the  power  supply  is  off 

Unused  Inputs 

A  connection  must  be  provided  at  every  input  terminal 
All  unused  Input  terminals  must  be  connected  to  either 
Vqd  or  Vss.  whichever  is  appropriate. 

Output  Short  Circuits 

Shorting  of  outputs  to  Vqq  or  VgS  may  damage  CMOS 
devices  by  exceeding  the  maximum  device  dissipation. 


»  *  »  •  Ja 

%'  V  V 


•%  A  - 
e*.V.V.*d 

A  • 


a  y 


TABLE  OF  CONTENTS 


Section 

1.0  Introduction 

2.0  MAIN. BAS 

2.1  Initialization 

2.2  Main  menu 

2.3  Chain  other  modules 

3.0  INPOVR. BAS 

3.1  Enter  number  of  input  levels 

3.2  Save  input  waveform 

3.3  Enter  input  waveform 

3.4  Write  input  waveform 

3.5  Read  input  waveform 

4.0  DFGOVR.  BAS 

4.  1  Enter  number  of  states 

4.2  Save  DFGs 

4.3  Enter  DFGs 

4.4  Write  DFGs 

4.5  Read  DFGs 

4.6  Echo  DFGs 

5.0  LGFOVR.BAS 

5. 1  Save  LF 

5.2  Enter  LF 

5.3  Write  LF 

5 . 4  Read  LF 

6.0  RSMOVR.BAS 

6.1  Enter  maximum  events 

6.2  Enter  processing  time 

6 . 3  Run  si  mul  at  i  on 

6.4  Save  simulation  results 

7.0  PLTOVR.BAS 

7. 1  Plot  output 

7.2  Plot  input 

7.3  Plot  state 

7.4  Plot  DFGs 

7.5  Plot  requested  function 

7.6  Plotter  function 

7.7  Load  results  file 

7.8  Adjust  DFG  time  scale 


Page 


$£0 

a## 


W'jry 

w 


7’ 

m 


m 

1&-T- 

m 


•  V 

V 

“V'vV 

,\y. 


•VVv 

•  ■  V 

.v:w 


*■  'Vi.'- 


^ ^  U  |  I  .  |  IJ  .  L  1,1. 1JI IJ1 1  .  I  j.  Ij.«i II  m  I .  I j. Il.il  I.*  m  m  I H.  !■.  A I ft  m  3 L « ^  3. K  *  ^ 


§ 


£ 


d ) 


F'roqr aimner  '  =  Manual 


a  thorouq 

'.‘v'tjrG'-  1  + 

cor  am  t  ;.  -t. 
•: !  .  I  a  r>  r  ,_i 


1.0  INTRODUCTION 

This  manual  is  intended  tor  anyone  wh  CD  d:?wi  .3 
knowledge  of  the  internal  control  and  data  =tr 
SIM3AM  simulator.  It  is  a  companion  to  the  pr 
also  included  in  this  Appendi  :• .  The  read-r  ct 
is  assumed  to  be  familiar  with  the  BASIC  1  ana'  ta.cj-r .  and  BW- 
Basic  knowledge  is  especially  helpful.. 

The  program  l  istings  are  fully  commented,  ;o  com-  • 
information  will  not  be  redundantly  i r.ci  roes  her  * .  T‘  > ~ 
manual  will  explain  the  logic  of  sections  o-  the  pr  ;•  -  7 

that  are  not  clear  in  the  listings,  but  will  on  i  ,  mi  I  • 
if  reference  is  made  to  the  listings,  at  the  s=i.ir  \  r.o. 

Certain  sections  in  the  Drop"  am  1  i  sl.jnqs  are  a:  yen  hc-Pdi  ■: 
The  headings  are  easy  to  locate  because  the,  ire  =.  c  ,i  , 
strings  of  asterisks.  To  find  out  1 n for mat  1  on  xfc-.ut  ? 
particular  section  of  the  program  listings,  mater,  tr.e 
heading  to  the  same  heading  in  this  manual  u-r  the 
appropriate  module.  Program  functions  are  ar  cup  eg  the 

module  they  occur  in.  All  variable  names  in  fh:  :  me -?u  1  , 

shown  in  capital  letters. 
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2.0  MAIN. BAS 

The  purpose  of  this  module  is  to  declare  ail  am,:  needt 
by  the  simulator,  display  the  main  menu,  and  merge  other 
modules  as  needed  with  this  module. 

2.1  INITIALIZATION 


t  h  e 


This  section  tales  care  of  the  array  declarations. 
Descriptions  of  the  various  arrays  are  included  ; r 
listing.  The  default  drive  (DRIVE*)  is  set  tc  “S'" 

2.2  MAIN  MENU 


This  section  displays  the  5IMSAM  MENU,  also  referred  to 
the  main  menu.  This  is  the  menu  from  which  all  other  mnnuf 
and  functions  are  accessed. 

2.3  CHAIN  OTHER  MODULES 

After  the  user  enters  a  select  ten  number  -'•c.t.  l  to  7.  this 
section  uses  the  CHAIN  MERGE  command  to  ascend  t  he 
appropriate  module  to  the  end  of  the  main  module.  It  an 
invalid  selection  is  made  the  POUND  command  alerts  the  user  , 

All  modules  that  are  chained  to  the  main  module  ha -e  line 
numbers  which  begin  at  9000.  All  modules  return  centre J  to 
the  main  module  by  a  GOTO  5000  command. 
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3.0  INPOVR. BAS 


This  module  loads 
from  a  disk  file, 
simple  editing  of 
edited  version. 


the  input  waveform  into  memory,  either 
or  from  the  keyboard.  It.  allows  some 
the  file,  and  the  ability  to  save  t h e 


Referring  to  the  program  listing,  the  first  task  is  to 
display  the  INPUT  WAVEFORM  MENU.  The  menu  mechanism  is 
identical  to  that  of  the  main  module. 

3.1  ENTER  NUMBER  OF  INPUT  LEVELS 


MUV.  is  set  to  be  the  number  of  input  levels,  and  must  be 
less  than  MMAXL  (which  was  preset  in  the  main  module). 

If  the  input  waveform  is  to  be  obtained  from  a  file  :  menu 
selection  1).  then  INPUTXX*  is  set  to  the  name  of  the  f 1 1 
and  a  subroutine  is  called  to  read  the  data. 

After  the  subroutine  returns  the  Q  bit  is  tested.  This 
is  used  in  a  number  of  modules  to  indicate  that  the  data 
read  from  the  file  is  inconsistent  with  other  information 
For  example,  there  is  an  error  if  MU%=5  and  6  input  level 
are  read  from  the  file,  so  Q  would  be  set  to  1. 

3.2  SAVE  INPUT  WAVEFORM 


Here,  INPUTXX*  is  set  to  the  name  of  the  file  to  write  tk. 
input  waveform  data  to. 

3.3  ENTER  INPUT  WAVEFORM 


This  section  is  used  to  read  the  input  waveform  from  the 
keyboard.  NUMPUL  is  set  to  the  number  of  distinct  pieces 
the  input  waveform.  As  the  value  and  start  times  arc- 
entered  from  the  keyboard,  the-,  are  stored  in  the  arrays 
UV7.  ( )  and  UT  ( >  respective:  v.  A  check  is  made  to  see  that 
the  value  is  an  inteaer  greater  than  :ero.  and  not  pro  at 
than  MU'/.. 


After  all  input  data  has  been  entered,  if  is  sc  heed  b  3-*l 
the  screen  ter  possible  oditina.  '  -  edifice  i  -  'L'-u-d, 
(:<S”"Y";  .  then  the  user  enters  Piece  number,  value,  and 
start  time  into  .J%.  XL,  and  V.  Tf  ”.  ^  mL  ~q  i  al  to 
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t  he  1  n  o  u  t  value,  and  4  b  v  tes  -for  f  h  e  =  t  a  rt  him  e  c f 
val ue. 

These  pairs  are  written  beginning  with  record  2.  R 
is  reserved  for  the  number  at  input  pieces  ; NUMPiJ/. .* 
number  of  input  levels  <MUV.  >  . 

3.5  READ  INPUT  WAVEFORM 

An  input  waveform  is  read  from  the  default  drive  us 
filename  contained  in  INPUTXX*.  The  file  has  the 
format  as  explained  in  the  previous  section. 

SAVEDMUX  is  set  to  the  number  of  input  pieces  read 
file.  If  this  value  is  greater  than  NUMPU% .  then 
to  1.  Otherwise,  UV%  ( )  and  UT  ■;  >  srravs  are  initial 
data  read  from  the  input  file. 
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4.0  DFGOVR. BAS 

This  module  begins  by  displaying  the  DFG  MENU  and  obtainmn 
the  user’s  selection. 

4. 1  ENTER  NUMBER  OF  STATES 


v  J 
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NS%  is  set  to  the  number  of  states  in  the  machine  to  be 
simulated.  This  value  must  be  less  than  NMAXV. .  the  maximur 
ii  1  1  o  w  a  b  1  e  n  um  b  e  r  of  states,  preset  i  n  the  m  a  i  n  m  a  du  Is. 

4.2  SAVE  DFGS 

This  section  prompts  for  the  filename  to  be  stored  in  DFG • 
so  the  DFGs  can  be  written  to  disk. 

4.3  ENTER  DFGS 

MAXF'%  had  been  set  earlier  to  be  equal  to  MAXD2.  the  m  a  ■  i  mi 
number  of  pieces  allowed  in  anv  one  DFG.  The  array  ;•  <  M  A  \ 
is  used  to  keep  track  of  the  number  of  pi  seen  for  a 
particular  input  level  and  machine  state.  1 £»*'.  is  the  i  nde. 
for  the  input  level,  and  J D '/.  is  the  inden  tor  the  state. 


Each  piece  of  a  DFG  i  s  stored  in  two  arrays:  DFGV*;  ( )  holds 
the  value,  and  DFGT  < )  holds  the  start  time.  The  value  .rust 
be  in  ranae,  and  successive  start  times  must  he 
monotoni  cal  1  v  increasing.  J7.  is  the  index  for  the  niece 
number  of  a  DFG. 

If  anv  changes  are  desired  after  the  arrays  DFGV%  < >  and 
DFGT  O  have  been  displayed,  the  user  inputs  the  Piece 
number,  value,  and  start  time  into  J!'.,  X7i,  and  Y.  If  .J’.  t  a 
not  equal  to  zero,  the  niece  of  the  DFG  is  undated . 
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4.4  WRITE  DFGS 

The  filename  in  DFGXX4-  is  opened  as  a  random  file  on  thy 
default  drive.  The  record  length  is  6  b'/fes.  Field  1  i 
two  bytes,  and  field  2  is  four  bytes. 

For  record  1.  the  first  two  b /tes  contain  the  number  of 
pieces  in  the  first  DFG,  and  the  last  4  bvtes  contain  t; 
number  of  input  levels  ( MU7. )  as  the  integer  cart .  ml  fi 
number  of  machine  states  (N3%>  as  the  fractional  oar  t . 


•  •  .V  .1 


•v/-:S 


St  art  i  no  with  the  second  record,  t  D".  keeps  track  t.x  tine 

current  piece  number,  12%  tracks  the  input  level  ,  and  ,<2‘ 
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4 . 5  READ  DFSS 

DFGb  are  *-ead  from  the  f  i  lename  in  OFGXX't.  The  til 
format,  explained  in  the  previous  section.  SAVEDM’J*/ 
to  tiie  number  of  input  levels  read  from  the  tile, 
is  set  to  the  number  of  states  read  from  the  file, 
either  of  these  quantities  differ  from  the  quant  1 1 1. 
memory ,  an  errror  is  reported  by  setting  Q-l . 

4.6  ECHO  DFSS 

The  values  of  DFG  <  T  17.,  I  I'D  are  listed  on  the  sc  res - 
lit.  is  the  input  level,  and  317.  is  the  state.  .It.  z 
current  piece  number.  The  listing  gives  3"i.  DFEVT.  • 
Jit'.),  and  DFGTIJM,  Tit:,  Jit'.:.  If  the  user  .ants  tv 
any  piece  of  the  current  DFG,  the  piece  #  i s  enters 
Jtl,  the  value  into  XT'.,  and  the  start  time  into  V. 


5.0  LGFOVR. BAS 

This  mcdule  begins  by  displaying  the  |_F  MENU ,  and  a 
tt"ie  user  selection. 

5.  1  SAVE  LF 

I •!  the  Logic  Function  is  to  be  saved,  the  name  of  t 
is  stored  in  LFXX$. 

5.2  ENTER  LF 

This  section  allows  the  logic  function  to  be  input 
ke v board.  Y M A X 7.  holds  t h e  n u m b e r  of  o u t p u t  1  e v e  1  s . 
array  LF7.  ( )  stores  an  output  value  for  each  of  the 
possible  input  levels,  and  each  of  the  NS  7.  possible 

Edits  to  the  LF  for  the  current  input  level  are  pcs 
specifying  the  state  (1*4)  and  the  revised  output  le 

5.3  WRITE  LF 

The  LF  data  is  written  into  the  random  file  with  th 
f i 1 ename  in  I.FXX*.  Each  record  is  two  bytes  long. 

The  f . rst  record  contains  the  number  of  states,  the 
contains  the  .number  cf  number  of  input  levels,  and 
cor tai ns  the  number  of  output  levels.  The  rest  of 
records  contain  the  output  values  for  a  given  input: 
ui.d  state. 

5.4  READ  LF 

The  filename  in  LFXX?  ts  read  from  the 
the  format  detailed  in  the  previous 
sot  to  the  number  of  states  read  from 
set  to  the  number  cf  input  levels  read 
either  c  f  the-  e  differ  from  the  %  slues 


d  >  Programmer  s  Manual 


6.0  RSMQVR. BAS 

This  module  takes  the  input  waveform,  DFGs  and  LF  dad 
comprising  the  model  of  this  m a c h me  t o  b e  s :i m i 1 1  a t e d  , 
execute  the  simulation. 

6.1  ENT E R  M A X  I MUM  E V E N T S 

The  maximum  number  of  events  tc  consider  is  stored  i r 
EVENTS';.  This  value  must  not  be  greater  than  MAX'/'., 
is  preset  in  the  main  menu. 

6 . 2  ENTER  PROCESS I NS  T 1  ME 

A  finite  processing  time  can  be  stored  in  TP ROC .  An' 
changes  that  occur  during  this  processing  time  are  i c 
This  point  is  clarified  in  the  next  section. 

Before  the  simulation  can  proceed ,  the  initial  state 
specified,  and  is  stored  xn  'AO'/..  IN  Eh;  is  set  tc  cord 
actual  number  of  events  in  the  simulation. 

If  the  results  of  the  simulation  run  are  to  be  saved, 
filename  is  entered  into  RESXX* . 

6.3  RUN  SIMULATION 

This  section  is  probably  the  most  comp leu  of  the  prcqr 
since  i  t  enco m passes  th e  a c t ual  s i m u  1  a tion  a f  t !' i e  < n a c. h 
T h e  proar  a m  f  1  o w  w ill  be  e x pi  ai  n e d  h e r  e  w i  t h  r e f  e r e h c o 
the  variables  contained  in  the  program  .listing. 

First,  key  variables  are  initialised.  TINF  is  set  to 
TINF  is  a  large  time  period,  approximating  in-fimt-  . 
keeps  track  of  the  number  of  pieces  in  the  output  si  on 
I  holds  the  current  DFG  piece  number.  It.'",  holds  the 
signal  piece  number.  UI%  contains  the  current  input  i 
XL*1  contains  the  previous  state  (initial  1  v  aguai 

X jy.  contains  the  current  state,  ana  based  on  the 
DFG  pi.  see  number ,  the  current  input  level  .  and  the  !  -• 


The  start  1 1  me  of 
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The  .due  of  the  first  output  pi 
t  LF  : t  the  cur rent  input  and  sf 
a.el  a':  this  time  .  i  stored  in  ' 
The  state  at  this  time  :  re... 
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d  )  P  r  o  g  r  a  m  m  e  r  ’  =  l-i  a  n  u  a  1  1  :i 

7.0  PLTOVR.BAS 

This  modu t e  starts  by  displaying  the  PLOT'  MENU.  and 
prompting  for  the  user’s  selection  of  a  plotting  function. 

7.1  PLOT  OUTPUT 

IND%  was.  set  in  the  RSMOVR  module  to  the  number  o  f  pieces  r. 
the  output  signal .  The  ’array  FPLT%  /  is  ir.it:.alined  with 
the  vs  1  net  of  the  output  signal  from  YVZ  ( )  .  NfiMZ  is  used  to 
hold  the  code  for  the  type  of  plot  requested.  Here,  NAMZ  is 
set  to  1.  LEVELS"/,  is  set  to  YMAXZ,  the  numtsr  of  levels  in 
the  output  signal. 

7.2  PLOT  INPUT 

T  h  e  arra  y  FPLT/i  < )  is  ini  t  i  a  1  iced  w  i  t  h  t  h  s  v  a  lue  s  a  f  t  h  e 
input  signal  from  URES % ( ) .  Bee  aus e  o ~  t h i « ,  t h  e  p 1 o 1 1 e d 
input  signal  is  net  the  original  one  entered  by  the  user, 
but  the  one  seen  by  the  simulated  machine,  accounting  for 
the  processing  time.  NAMZ  is  set  to  2.  LEVELS/  is  set  to 
the  number  of  input  levels.  CODE/,  is  set  to  CD";.,  indicating 
if  an  input  transition  occurred  during  the  processing  time. 

7.3  PLOT  STATE 

XRES7.  ( >  is  loaded  into  FPLT'Z  ( )  .  NAM/  is  set  to  3.  LEVELS/ 
is  set  to  the  number  of  states. 

7.4  PLOT  DFG3 

If  DFGs  are  to  be  plotted,  the  time  scale  for  the  DFG:::  must 
be  adjusted  to  correspond  with  the  output  function. 
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The  input,  DFG,  and  LF  filenames  are  saved  in  SF  ECE£. 
TIMEPLTO  array  is  initialised  with  the  transition  hi 
from  YT  < } ,  the  output  function  start  times. 


PLOT  REQUESTED  FUNCTION 


The  array  VALlZ  *  .•  is  filled  with  the  ! 


be  plotted  from  FPLTZ  •’ 
time  of  each  piece  of 


,  and  TIN  :■  is  filled  ‘.u 
he  signal.  <  3s  plotted 


T I  >IFPLT  •'  >  .  NP/  is  iiuLc.l  i:ea  with  the  nunc,  c-r 
CnPTIOM/  is  net  t'.  the  coda  for  t  pe  type  ot  p 
STAR/  .,.  s  set  to  a  1  if  CD/  was  set  to  I  i  n  the 
Uneam  no  that  tits  si  mu  1  sti  or  i  .  a  act sd  t  ,  1  ■ 
t i me ) . 
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The  screen  i  s  set  •- •  •,  ivi.  qh.  r  ssol  u  t  ;.  .in  at  up  is; 
time  of  1  •  t  piece  of  the  output  s.gn  1 
'P  e  jpor  o:r:  .As  title  t  o  prin  hid  >  t: t  r 
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T  (the  last  element  of  TIMO 


scaled  to  fill  the  screen 


The  INKEYS  command  is  used  to  allow  the  Esc  key 
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The  results  file  whose  filename  is  contained  in  F'ESX'i*  is 
read  from  the  default  drive.  For  details  about  the  format 
of  this  file,  refer  to  the  SAVE  SIMULATION  RESULTS  section 
of  the  RSMGVR  module. 


ADJUST  DFG  TIME  SCALE 


To  be  able  to  plot  the  DFGs  correctly,  the  time  scale  for 
the  DFGs  must  be  expanded  tc  be  equal  to  the  time  scale  for 
the  output  function.  VALL".  O  is  loaded  with  the  values  of 
the  QFGV'/.O  array.  TIMO  is  loaded  with  the  values  of  the 
DFGTO  array.  N%  is  set  equal  to  the  number  of  states. 
CAPTION"/,  is  set  to  4. 
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e]  Program  Listings 


Fv  ',K  L.^*A".*  i1-  ik  i1-  y.K\K\*  . ».,i.i.ii.m  va  aw* 


w  w.w.wjww.rj* 


;>: 


■  1000 
£  1001 
1 002 
1020 
K>.  1040 


}>  13 


V, 

V: 

JL 

V 


'A 


>2 


t. 


% 


£ 
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1  600 
1620 
16  40 
1660 
1680 
1 700 
I  720 
1 740 
1  7*0 

i  7go 

;  goo 

l  320 

1 340 

I860 

1 9C'0 
1. 920 
1  ?44> 
1  Oft  O 

1  98C 
2100 


REM 

REM 

REM 

REM 

REM 


MAIN. BAS  MODULE 

*  *  *  #  **#*  *  *  4  #  4:  *  * .+:  * :+:  4  4  *  4  *  :*  4  *  *  *  4  4  #  *  *  *  4 4  $  *  *  4  *  *  *  *  4  4  *  *  *  *  *  4  4  *  *  4  4  4  4  *  4 

This  program  simulates  the  behavior  of  simple  asynchronous 
machines  (SAMs).  The  simulation  proceeds  in  an  event-driven 


1060 

FEM 

f  ash i on 

and  provides  for  graphical  output  as  well  as  tile- 

1080 

REM 

oriented  input  and  output.  It  is  assumed  that  the  user 

1  100 

REM 

is  familiar  with  the  contents  and  constructs  of  the  paper 

1  1  20 

REM 

"Real i 2 

at i on  of  Asynchronous  Finite-State  Machines,"  bv 

1  1  40 

REM 

Johnson 

and  Kaliski.  For  initial  storage  allocation. 

1  160 

REM 

val  lies 

tor  the  following  key  variables  will  be  preset: 

1  180 

REM 

1200 

REM 

NMAX7.: 

The  maximum  number  of  distinct  states  allowed  in  a  SAM 

1220 

REM 

MMAX7.: 

The  maximum  number  of  distinct  input  levels  for  the  SAM 

1240 

REM 

MAXU7. : 

The  maximum  number  of  pieces  allowed  in  an  input  signal 

1260 

REM 

MAXD7.: 

The  maximum  number  of  pieces  allowed  in  any  DFG 

1230 

REM 

MAXY7. : 

The  maximum  number  of  pieces  present  in  the  generated 

1300 

REM 

output  signal.  To  be  consistent  with  the  assumed 

1320 

REM 

SAM  model ,  MAXY7.  =  MAXU7.  4  MAXD7. 

’  3  4  o 

REM 

1  36  <0 

REM 

! hey  will  be  preset  to  the  following  values,  values  which 

1.380 

REM 

can  be 

changed  at  any  time,  o*  course. 

1 400 

REM 

1  420 

REM 

1 440 

NMAX7. 

-  9:  MM  A  XT'.  =  8 

1  4  60 

MAXU7. 

=  30  s  MAXDV.  =  8 

1430 

MAXY7. 

=  MAXU7.  4  MAX  DTI 

1500 

REM 

1520 

REM 

To  facilitate  the  writing  of  a  common  subroutine 

1540 

REM 

for  inputting  both  the  SAM  input  signal  and  its  DFGs  we 

1560 

REM 

set  the 

variable  MAX7.  to  the  maximum  of  MAXU7.  and  MA/.D'i. 

1580 

REM 

REM 
REM 
REM 
REM 
REM 
REM 
REM 
REM 
REM 
REM 
REM 
REM 
REM 
REM 
REM 
REM 
REM 
REM 
f  'EM 
REM 
F  EM 


IF  MAXU7. 


MAX 07.  THEN  MAX7.  «  MAXU7.  ELSE  MAX/.  •=  MAXD 


The  simulator  uses  arrays  to  represent  signals,  as  we 
as  other  key  entities.  The  -fallowing  array;  comprise 
simulator’s  data  base: 


1 

the 


U V 7.  ( M A X U "/. )  :  The  v a  1  u e s  at  the  pieces  o f  t h e  i  n p u f  a n c  1 1 
in  tempera!  sequence, 

UT'MAXU V. >:  The  times  that  the  distinct  pieces  of  the  ir.o 
function  begin,  starting  with  time  -  0, 

DFGW.  (MAXD'li,  I1MAXX,  NMAX’i)  :  DFGV’i  ( .  ,  l  ,  j  )  records  the  ,  a  :  as 
of  the  pieces  of  the  i,  i  th  DFG  m  temporal  -.sous 
DFGT  (MAXD%,  MMAX7.,  NMAX7.)  :  DFGT7.  ( .  ,  l  ,  j  )  records  the  ti  j.as 
that  the  pieces  m  the  i  ,  j  th  DFG  begin,  s',  ar'ing 
with  time  =  0, 

V V ( M A X  Y 7. :  :  T h e  .  a  1  u es  of  the  p  i  e c e s  o f  t  n e  g e n e r  ~  t  g 
output  function  in  temporal  sequence. 

VI  MAX V*. .•  :  The  times  that  the  distinct  pieces  of  the 
output  function  begin,  start  inc  at.  t~o« 
h  :-.MA.<*.  U-IMAX7..  NMAV'-.  •  :  This  arra,  contains  at  entry  1,1 
’.lie  number  o-i-  pieces  present  in  the  i  ,  gth  Di“ V  . 
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1 

2140 

REM 

2160 

REM 

2 1  SO 

REM 

• 

2200 

REM 

5: 

2220 

2240 

REM 

REM 

2260 

REM 

*2  -  J  ‘w 1  .-1 

REM 

2300 

REM 

r*  »**.» 

REM 

v\ 

2340 

REM 

«/, 

2420 

REM 

H 

2440 

REM 

’  il  Aj  (  ) 

REM 

V*’ 

2480 

REM 

2500 

REM 

2520 

REM 

. 

2540 

REM 

f* 

2560 

REM 

25  SO 

REM 

2600 

REM 

» 

*  *. 
<K 

2620 

REM 

*  « 

2  to  4  0 

REM 

2730 

REM 

■ 

2300 

REM 

R 

2820 

REM 

VL 

2840 

REM 

2S60 

REM 

£j 

2830 

REM 

2900 

REM 

2920 

REM 

£ 

2940 

2960 

REM 

REM 

LF'/i  <MMAX’/.,  NMAXX)  :  This  array  contains  at  entry  i,j  t 
logical  -function  output  value  produced  tor  the 
ith  input  and  jth  state  value, 

URES'4  tMAXYTO  :  The  temporal  values  of  the  SAM  incut 
at  each  system  " event "  1 1  me  —  see  bel ow  — , 
XRES4  i MAX Y7.)  :  The  temporal  values  of  the  SAM  state 
at  each  system  "event"  time  —  see  below  — , 
FPLT3C  (50)  :  The  simulator  uses  this  array  to  save  the  . 

for  the  asynchronous  signals  to  be  plotted  1  at 
TIMEPLT (50) :  The  start  times  associated  with  each  func 
to  be  platted  are  saved  in  this  array. 

NAM%:  This  variable  contains  the  identity  of  the  fu.net 
to  be  plotted.  The  i.d.  is  the  same  as  the  n un¬ 
to  select  the  function  in  the  plot  menu. 

SPEC*:  This  variable  contains  the  specifics  of  run  fro 
plot  is  requested.  Such  information  as  the  me 
function,  the  DFG  and  the  LF  used,  are  saved  : 
variable,  provided  these  have  been  sa  ed  using 
appropriate  file  name  formats  given  in  this  pr 
CODE 4:  The  variable  is  1,  if  due  to  a 

non-zero  processing  time,  an  input  event  occur 
previous  event  is  still  being  processed,  duri n 
run  for  which  plots  are  requested. 

VALL/i  1 50)  :  This  array  is  used  by  the  plotter  sudroutm 
store  the  values  of  the  different  pieces  in  th 
function  to  be  plotted. 

TIM (50) :  This  array  is  used  by  the  plotter  subroutine. 


e  .a. lues 

1  a  t er . 
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n  q  t  r 
r.  roCi 


dur i nq 


the  pi o 1 1 e r  s u p r o u 1 1 n e 
i  f  f  e  r  e  n  t  o  i  e  c  e  s  i  n  t  h  s 


holds  the  start  times  of  the  pieces  in  the  f 
to  be  plotted. 

LEVELS"/.:  The  plotter  subroutine  requires  the  largest 
ordinate  value  to  appear  in  each  plot.  This 
in  LEVELS*/. 
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aV.'.v 


a 

%•  *'•*%* 


>2965  REM  **********  INITIALIZATION  ********** 

2966  REM 

2980  REM  The  arrays  are  dimensioned  as  above: 

3000  REM 

3 0 20  DIM  U V 7.  ( M A X U 7. )  ,  U T  ( M A X U 7. )  ,  DF6 V 7.  ( M A X D 7. ,  M M A X 7. .  N M A X '4 )  . 

DFGT  (MAX D 7. .  M M A X % ,  N M A X  7.  >  ,  YV7.IMAXY7.)  ,  YT  (MAXY7.) 

3 0 4 0  D  I M  K X M A X 7.  (MM A X 7. ,  N M A X 7. )  ,  LF 7.  ( M M A X 7. ,  N M A X 7. )  ,  U R E S 7.  ( M A X  Y ) 

X RE 5*4  (MAXY7.) 

3060  D  I M  FPLT7.  ( 50 >  ,  T I MEPLT  < 50 ) 

3 1 00  D I M  VALL7.  < 1 00 )  ,  T 1 M  ( 1 00  > 

3 1 10  DR IVE’i” 11  & 11  ’  detaul  t  drive  -for  files 

3114  REM 

3115  REM  * *  * *  * * * *  * *  M A I N  M E  N U  * * * * * *  * *  * * 


D 1 M  FPLT7. ( 50 > ,  T I MEPLT ( 50 ) 

D I M  V ALL 7.  ( 1 00 )  ,  T 1 M  ( 1 00 ) 

’default  drive  for  file: 


3 1 1  4 
3115 

3  1 20 


3116  REM 
3  1 20  CLS 

3140  LOCATE  12,34  :  PRINT  "S  I  MSA  M" 

3160  LOCATE  24,19  :  PRINT  "copyright  (c)  1985  Northeastern  Uni  vs 

3180  FOR  I  =  1  TO  10O0  :  NEXT  I 

3200  CLS  :  LOCATE  2,30  :  PRINT  "S  I  M  S  A  M  ME  N  U" 

3220  LOCATE  7,25  :  PRINT  "1  —  Enter  Input  waveform" 

3240  LOCATE  9,25  :  PRINT  "2  —  Enter  Digital  Function  Generator • 


3  26'.'  LOCATE  11,25 
3280  LOCATE  13,25 


PRINT  "3 


Enter  Logic  F  u n  c t ion  G  e  n  e  r 


PRINT  "4  —  Run  simulation" 


3700 

LOCATE 

15, 

25 

PRINT 

"5  —  Plat  result 

s  " 

a 

LOCATE 

1  7 . 

25 

PRINT 

"6  —  Set  default 

dr i ve “ 

n 

~r  3 

LOCATE 

19, 

•“>  cr 

PRINT 

"  7  —  E;;  it" 

3340 

LOCATE 

i 

20 

PRINT 

SRC (40) 

3360 

LOCATE 

3  i 

20 

INPUT 

"EInter  selection 

by  number 

* 

7365 

REM 

N 

3366 

REM 

*  t  *  *  *  4  *  4:  *  *  CHA  I N  0 THER  MODULES 

*•♦♦♦**♦  f  i 

3370  IF  SELECT7.*SELECT.  0LD7.  GOTO  9000 

3  3 8  0  0 N  3  E  L  F  C  T  7.  G  0  T 0  3 419, 3 4  3 9,3459,3 4  7 9 ,  3 4 9 9 , 3 4 1 0 ,  3 5 2 0 
34  X'  SOUND  200,2  :  GOTO  3340 

34lo  CLS  :  INPUT  "Default  drive  DR IVES  :  GOTO  5000 
34  19  OVERLAY *=DR I OE$-f"  :  INFOVR"  :  GOTO  3500 
3439  OVERLAY$=DR IVES+" : DFGOVR"  :  GOTO  3500 
3 4 5 9  0 V t  R LAY  $  =  D K I VE  •$-*- "  :  LG F 0 V R  "  :  GOT O  3 5 O t - 

34 '79  OVER  LA  i  *=DR  I  VE*  +  "  :  RSMOVR  "  :  GOTO  35‘JO 
j,  4  9  '  ..."  1 P  P  L  i  i  V  f  -■  D  P  I 1 E  1 ' :  P  L  T  0  V P  ’ 1 


5'.  .  0  SLLEC  T  .  C'LD'.-SELELT".  :  GOTO 
w, f-'tn 
1 1  .'000  REM 
.-55  2°  PPM 


I NF  C  VP " 

:  GOTO  3500 

DFGOVR " 

:  GOTO  3500 

LGFOV'R  " 

:  GOTO  350'.' 

RSMOVR " 

:  GOT  u  35‘JO 

PL  TO VP" 

v*.  900u, 

ALL , DELE r  L 

XT', 

V  S*V‘ 


•3* 

:;33 
_ _ 

_ 

.OAT 

-vvV 

<>*&?: 

,v.v>; 

VVv> 
•  "  v  *. 


iyaSs 


pop; 


3$ 


«  *  .  *  *  *  »  "  .  *  ,  *  «  *  «  *  «  •  »*,*,•«'  .  *•  .  •  ,  *  -  «  *  *  .  *  »  ' 
-  *a,  ■  >_W  t>^  * 


-  .»  V  V' 

aVvvV 

Fj  *_»F jr 


JP*  9UOv  REM  INPOVR.BAb  MUDULE 

*/  900 1  REM  *  *  t  #  *  *  #  *  *  t  *  *  *  *  #  *  :*  *  *  *  *  *  *  *  *  +  * :+:  *  *  *  *  *  *  *  *  *  *  t  *  *  i  *  t  t  f  i  :*  *  *  f  *  t  t 

9002  REM 

J  10000  CLS  :  LOCATE  2,22  :  PRINT  “ I  N  P  U  T  W  A  V  E  F  u  R  M  M  E 
jjf  10020  LOCATE  11,25  :  PRINT  "1  —  Load  input  waveform  from  file" 

1 0040  LOCATE  13,25  :  PRINT  "2  —  Enter  input  waveform  from  fe.boar 

,,  10060  LOCATE  15,25  :  PRINT  "3  —  Modify  input  waveform  in  memcr .  ' 

.£•  10080  LOCATE  17,25  :  PRINT  "4  —  Exit  to  main  menu" 

loloo  LOCATE  23 , 20  :  PRINi  SF'C(4U) 

10120  LOCATE  23,20  :  INPUT  "Enter  selection  by  number  S'JBeEL*. 

V  10140  ON  SUBSELV.  GOTO  10180,10180,11740,5000 
X  10160  SOUND  200,2  :  GOTO  10100 
10165  REM 

1016c  REM  #**####*##  ENTER  NUMBER  OF  INPUT  LEVELS  IfUTtHU 
y  10167  REM 

■"*'  1018o  REM  We  begin  by  obtaining  the  model  parameters  that 

10200  REM  to  define  the  specific  SAM  being  simulated. 

>  10220  CLS  :  PR  I  NT  "Enter  M  <<  =  "MMAX7." )  ,  the  number  of 

*  10240  PRINT 

10260  INPUT  "M  =  " ,  MU7. 

,,  10280  IF  MU7.  >  MMAX”.  GOTO  10320 

10300  IF  MU7.  >  0  GOTO  10360 

’■>  10320  PRINT  "M  -  the  number  of  input  levels  -  out  of  r 

10340  GOTO  10260 


X  10160 

10165 


V  10167 
v  101 80 

i  0200 
10220 
*  10240 
1  0260 
10280 
1  Ci  300 
’■->  10320 
1 0340 


10360  ON  SUBSEL7.  GOTO  10440,10600 
10360  REM 

10400  REM  Input  signal  is  in  a  random  tile. 


* 

u 

>360 

REM 

l! 

>400 

REM 

1! 

*420 

REM 

V 

> 

1( 

>440 

1' 

•460 

X  f 

>500 

REM 

,v 

10520 

REM 

1( 

>540 

I' 

1 5  h  0 

i 

1  05  bO 

1 0600 

K  E  H 
REM 

X  f 

•*620 

REM 

1( 

>64  O' 

REM 

1.  ( 

>6o0 

REM 

1> 

>a80 

1  ' 

)  70‘J 

rA 

i« 

>  /  2.  (.  • 

REM 

1  ( 

P7 -TO 

REM 

t< 

>7  4  1 

REM 

4 

1- 

1 

REM 

4 

. 

-  .... .  .. 

• 

K  »  I 

U 

TTJTTTt 

REM 

% 

1 

/BO'.'1 

REM 

u 

'S  40 

REM 

I. f 

■'  -i:-  '• .’ 

REN 

PRINT 

INPUT  "File  name  for  input  "  ;  t  NPu  f  >  <  $ 
bOSUB  1  2560  'call  SlJBhOLN  lNE  P  Le .L*  I  .  ‘P 

Test  Q  "bit"  to  see  it  input  read  is  compatible  ;.-i; 
current  SAM. 

IF  G~ 1  GOTO  10600 

GOTO  1 0000  ::: 1  ip  c  :T  1  t:  REAL1' 50 

Input  signal  is  to  oe  obtained  from.  1  ,.e  t»ra. :  ;  i  . 
The  variable  MAXF'7.  is  a  dummy  vari  at  i  e  d  1  ._  r 

same  routine  REABSG  fcr  Doth  the  input  -.nation  an 

MaXP'.=MANJ':j  F-KiNI  :  PRl'c  "Ku;.ei  input  :  i  -jl  a; 
GOTO  11.280  a  I.  1  SUB  ROC  i  !  I  it  P:Ei  -  -,i- 


The  input  function  just  enter  eo  m  av  be  s  •  e "  -■  :  a 

file  organised  as  follows:  record  HI  rorr  miv  the 
records  in  the  file  (pieces  of  the  si  jnsi  ant:  the 
which  define  the  t  me  tinn  are  a  •  star  t  :  r  g  •-*•  r~ 
Each  record  of  the  fit?  sen  ;  i  .  ■  "  at-  tw;  s  l  c  •  j 

field  winch  h  '  I  ns  the  --  :  on  .  I  *-•  el  an.  I  ■  r  • 


psr*-r  m*  -^ 


t 


3 


:-m 

•-■  V  V 


R 

I  0440 

REM 

saved 

10960 

REM 

i nput . 

10980 

PRINT 

1  1000 

PR  I  NT 

V 

>* 

1 1 020 

PRINT 

1  1040 

PRINT 

1  1  060 

REM 

..•j 

1  1 020 

INPUT 

^  * 

1  !  100 

IF  Zf 

1 1120 

IF  Zf 

if, 


--. 

>, 

>. 


.  ertsd  to  this  fact, 
input  function  is  not  si,<»c.  and 
un  using  this  input  are  sa  .-ad.  -'. 

.  N  0  T  z  a  n  t  a  i  n  i  n  f  o  r  m , ,  1 1  u  -  :  r,  t :  i  a 1 ' 

.  ch  was  used."  :  PRINT 


,i '..:  h 


:R; 


If 


v  11140 
£  11160 


1.  1  1  60 
1  1200 
1  1 220 
1  1 230 
1  1240 

11245 

11 246 
11260 

.  .  1 1 280 
•’•  11200 
'•*  11320 
.1  1340 

|  il3*° 

™  n o t  e x ceed"M A X P 7. 
11380 


t  D  D 
I  phai 

:ne  '. 


"y"  GOTO  10000 

REM  Input  is  to  be  saved. 

PRINT  "Enter  file  name  under  which  input  i 
PRINT  "in  the  form  ’INPUT;;::',  where  v'-s 
INPUT  "characters.  " : INPUTXXf 
G0SUB  12120  ‘  cal i  SUBftO 

GOTO  10000 

PEN 

REM  **##**.*###  ENTER  INPUT  WAVEFORM  #***t1i**#* 

R  E  M 

R  E  M  *  *  %  *  S  U  B  R  0  U  T I N  E  R:  E  A  D  S  6 1  *  * * 

ft  E  ivl  T  his  subro  u  1 1  n  e  i  s  u  s  e  c  t  c-  en  t  e  r  in  p  u  t  f  u  n  c  1 1 '  :•  n 

REM 

PRINT  "Enter  number  of  pieces,  v. •  'MAXF  v"  ■ 

INPUT  NUMPU7. 

IF  N U M P U 7. <.  =  M A X R V.  THEN  GOTO  11400  ELSE  PRINT  “it  pi, 


I  T  1  ■  i  ■ 


1  1  400 
1  1  420 


GOTO  11340 

PRINT  "Enter  waveform  in  the  format. 
FOR  J%~  1  TO  NUMPUV. 


value  and  :=t 


O 

t\ 


y 

* 


11440 

PR  I  NT 

"piece  4"JX; 

1  1  460 

I  NPUT 

UV7.  (J >.)  ,  UT  (J 

%> 

1 1 480 

REM 

Check 

to  make  sure 

that  1  =UVX  (J7.> 

-  MUX 

J  1500 

IF  UV 

7.<J7.)  <  1  GOTO  11540 

1  1 520 

IF  UV*/.(J7.>  <=  MUX 

GOTO  1 1 560 

i  1540 

PRINT 

"Input  level 

out  ct~  range.  " 

1  156V 

GOTO 

11440 

' r  e-sn : »r 

'2  .  ££; 

1  1  580 

IF  J 7. 

=  1.  GOTO  11720 

1  It  00 

IF  UT 

(J*/.)  >UT  (J»  1 ) 

THEN  GOTO  1164 

0  ELSE  PI- ' 

!■  |  J 

b  Ci  .non q 

t  o  n  e  i  n  c  r 

easi nq " 

:  GOTO  11440 

1  1.  c2’J 

phM 

Chec  k 

ft  of  distinct 

1  eve  1  s 

J.  1  6  4  0 

FOR  L 

"i-lt- 1.  !"0  1  6 

TEP- 1 

1  16c? 

IF  'J’2 

v  J  X)  -‘JV*-.  ■  L  X .. 

GOTO  1  L 

!.  :  680 

MUMLU 

X=NUMi  UX+1 

1  .! 

NEX  T 

.!.  '  .'20 

NET  l 

J  7. 

1  1 

b  Lz.  i"l 

E  c  h  a  w 

aveform  just 

en  t  :-r  ed 

1  I  : 

PR  I  NT 

: PR INT  "Tne  w 

“A  v  'r?T  ■  »i;  i  ..  f 

!.  .  a  :  j  •' 

1  1  7  BO 

PRINT 

"Piece  #"TAb 

1 1  ■ "  Val  ue  1  TAP  ' 

20-  '  9  f  ;<r  1 

.Ti 

l  i  p  i  ;  ■  i 

PRINT 

"  "TAG 

■  1 1  ?  )  "  "  I  -i:  • 

' 

i  is;. o 

FOP  J 

X-“i  TO  :  iv  •!:•  UT 

!  !..:'•-! '  • 

1  - 1 

PR  J  NT 

|-,J  |2T  j" 

Tn.9  •  3  •  J",. ;  :X  .6 

■  1  :  •  U  .  •  JX  ;  '  ,4? 

i 

i  1  :F  U  ! 

" i  in  cl-  •!,  JV 

•  :  :  .?  :-g  -  j  "  •  i  i  • 

L  1 

IF  ”  -2- 

.  "  "  AriD  •-  f 

"  "  '  1 

SftSi 

wj 


M 


■  v.vj 

-v“< 


A 


1  1 920 
*■>  time" 
11940 
.y  11960 
n'  11930 


12660 


1 2740 


PRIM  I  tnter  changes  in  the  i  arm- 

PRINT  "To  end  enter  piece  #  of  t1' 
INPUT  J 7. ,  X 7. ,  V 


1  1 930 

I F  J  7. = 0  GOTO  l  1 7  o  0 

1 2000 

IF  J  N U M P U 7.  6 U TO  1  2 0 6 0 

1 2020 

UVX  <J%)  -XV.:  UT  ■.  J 7. )  = if 

1 2040 

GOTO  11960 

1  .2  060* 

PRINT  "Piece  #  must  not  exceed  "MAXP7. 

1 2080 

GOTO  11960 

1  2090 

REM 

12091 

REM  444 

4  4 4  4 4  4  4  WR ITE  I MPUT  WAVEFORM  4  4  4  4  4 4 4  t  4  f 

\  2  091: 

REM 

1  2  1 00 

REM 

4  4 44 SUB R 0 U T 1 N E  W R i  1 E I N P 4  4  4 4 

1  2  I.  20 

REM 

This  subroutine  is  used  for  saving  nhe  input 

1  2  I  40 

R  E  M 

ed.  The  input  is  saved  in  the  file  whose  name 

i  o  i  6o 

REM 

prompt  time. 

1 2 1  SO 

REM 

1 2200 

IF  DRIVE*="B"  THEN  F I LET=  " B :  "  I NF UTX X ■£  ELSE 

1.  2220 

IF  DRIVE*="b"  THEN  P  1  LET  -  "  P:  "  -t  I  NP'.JTX  >.  9 

1.-2 -4  0 

OPEN  FILET  AS  #1  LEN=o 

1  0!  "0  6  O 

FIELD  #1,2  A  6  VT,  4  A 'Ll  1$ 

12280 

FOR  J  072=2  TO  NUMRUX+l 

1  2300 

LSET  V %  - M  K I  %  '  U  V 7.  <  J IJ 7.  -  1  )  ) 

1  -1 320 

LSET  T*=MKS*  (UT  (JU*/.- 1  >  > 

1 2340 

PUT  #1 ,  JU7. 

123&U 

NEXT  JU7. 

1  2380 

L  S  E  T  V  $ = M  K 1  $  ( N  U  M  P  U  % ) 

12400 

LSE  T  T*  =  ML  I  $  t MU 7. ) 

1  2420 

PUT  #1,1 

1  2440 

CLOSE  #1 

.1  24-0 

RE  TURN 

12480 

REM 

.1  25  0*  1 

REM 

1  250 1 

REM  444 

f  4 4 4 4 4  4  RE  A  D  I N  PUT  W A V E  P C  A M  4 4 4 4  44  4*4 4 

1  2502 

REM 

12520 

REM 

*  4  4 4  SUBROUT I N E  R E A D I N F 4  4  4  4 

[  2540 

REM 

12560 

REM 

This  subroutine  is  used  to  read  oaci  en  ;-pu  • 

.i.  2580 

REM 

been  previously  entered  and  sa-ec'  r  ~  random 

:::  j.  gnal 


I  r  ...  . 


IF  DPIVE$  =  ’-B"  THEN  FILE*="B:  "  + INPU  f /..ts  L 
IF  DRI0ES="b ”  THEM  FU£i  =  "b:  "  +1  I  !PU  !  X  >.  ? 

OF  EM  FILET  AS  # 1  LEM=6 
F  I  ELD  #1,  2  hB  4  AS  Ts 

GET  #1,1 
l  iUMPU'.  -t  I’  i  '  Tf  ! 

3AVEDMU7'.  =  CV I  i  T S  ;■ 

IF  SAVEDMU''.  =  MU'.  00  TO  12900 
IF  SAVEDMU7.  <  MU*:  Oulu  1290  0 
PRINT  "input  function  h  more  I.  e  •.  e '  i  L 
PRINT  "in  current  SAM-" 

Q  -  l :  GOTO  13040 


•  .•  v 
V.  ■  V 


■yyv 

'..V\ 


V/s 


2 '  ••2 
•2  c  .N 

\  t  •  . 

f  * •. 

t-vy.’ 

.V.vt 

■  V  V 

-V-V> 


v*:-; 

V  v  ■ 

.w 


9000 

REM 

900 1 

REM 

t  *  *  *  *  * 

*  *  *  t  t  *  f  * 

90Q2 

REM 

oooo 

CLS  : 

LOCATE 

—  i  -0  - 

1  0020 

LOCATE 

11,25 

:  PRINT 

10040 

LOCATE 

1 3 ,  25 

:  PRINT 

1 0060 

LOCATE 

1 5  *  25 

:  PRINT 

1 00  SO 

LOCATE 

1  7 , 25 

:  PRINT 

1  0 1  00 

LOCATE 

23,  20 

:  PRINT 

1  0  i  20 

LOCATE 

23  20 

:  INPUT 

1  0 1  40 

ON  SUB 

BEL/.  G 

OT0  1018 

Dr  bUVK  .  B  Ate  MU L'ULE 


10160  SOUND  200,2  :  SOTO  10100 


10170  REM 

10171  REM  **********  ENTER  NUMBER  OF  STATES  ********** 

10172  REM 

10180  REM  We  begin  by  obtaining  the  model  parameter s  that 

1 0200  REM  to  define  the  specific  SAM  being  simulated. 

10220  REM 

10240  CLS  :  PRINT  "Enter  N  <<*"NMAX%" ) .  the  number  oJ 

1 0260  PRINT 

i 0280  INPUT  "N  =  "  ,  NS7. 

1 0300  IF  NS 7.  >  NMAXX  GOTO  10340 

10320  IF  NS%  >  0  GOTO  1 0-380 

10340  PR I NT  "N  —  the  number  of  states  -  out  of  range. 

10360  GOTO  10280 

10380  ON  SUBSET. 7.  GOTO  10400,10720 


1 0400 
1  0420 

1  Q  4  4 1;  j 


INPUT  "File  name  from  which  DFGs  are  to  be  rear.  •' ,  DFG.t 
GOSUB  12660  'cal J  SUBROUTINE  RE A DOF b 

Test  Q  "bit"  to  see  if  DFG  read  from  file  is  compati a <  a 


1  0  4  60 

REM 

with  the  current  SAM. 

10480 

IF  Q=1  GOTO  10720  EL 

1 0500 

PR  I  NT 

10520 

FOR  117.  =  i  TO  MU 7. 

1 0540 

FOR  J 1 7.  =  1  TO  MU 7. 

10560 

GOSUB  13620 

i  o£oo 

NEXT  J  1 7. 

10  a  20 

NEXT  117. 

1 064  0 

GOTO  10980 

Ivtc) 

REM 

Enter  DFGs 

1  OodO 

REM 

1071'X 

MUMLD’i  ~  1 

MAX  PC  “MAXD7. 

1  ■  ■  '  ~0 

FOR  1 DX- 1  TO  MU 7. 

1  0  700 

FOR  JD‘;~1  VO  ! 

i ' vd 

P R I T IT  " E r. t e r  D F G  for 

i  ,d2,.‘ 

GOSUB  .1.1180 

1O840 

REM 

loSisO 

f  Eh 

U  p  a  a  t  e  in  a  l  m  u  m  4  of 

10°'.’0 

I F  NUN  1  NUML D7.  THEN 

■f  ■  ■<-> 

NEXT  JD\ 

1  4T 

NE.-.T  ID’. 

'cal  1  SUBROUTINE 


;W: 

>/v\ 

v"  O 


•■.F-U 


V.- 

«*< 


j- 

y  y  v  - 


9 ; 


>  j* 

%*■  \  * 

s*  v 
•  >v  v 
aV 


v:.-m 
>»; 
\  sW 


try 

Rf.-r; 

V  v  V 


■  10971 
£  10972 

1 0980 
11000 
JS  11020 

]_  j  q  4  Q 
1 1060 
^  11080 
^  11100 
11120 
..  11130 

^  1H31 

■  11132 
i  1  1  40 

V  11160 
Ill  80 
1 1 200 
v.  11220 

I’  11240 
1 '  must 
not  e: 
11260 
^  11230 
1  1  300 

PI  1320 
1  1  340 
■  1  1 360 

1 1380 
;•]  11400 
1  1  420 
1 1  440 
I"  11460 
V  1 1 430 
"Time 
11500 
■<J  11520 
2.  11540 
1  1 560 
\  11530 
1 1  “00 

»  ii^o 


REM  **********  SAVE  DFGS  ********** 

REM 

PRINT- 

INPUT  "Are  DFGs  to  be  saved?  <Y)  es  or  No  "  :  Zt 
IF  Z$- " y "  GOTO  H080 
IF  Z*K  >"Y"  GOTO  11120 
PRINT 

INPUT  "Enter  -file  name  under  which  DFG  is  to  b- 
GQSUB  12020 

GOTO  10000 
REM 

REM  **********  ENTER  DFGS  ********** 

REM 

FRINT 

REM  *  *  *  *  SUBROUT I NE  READSG * *  *  * 

REM  This  subroutine  is  used  to  enter  DFGs. 

PRINT  "E-Inter  number  of  pieces,  ( <  ~ "  MAXP  V‘ )  " 
INPUT  KXMAX7.  <  ID7.,  JD7.) 

IF  K X M A X 7.  <  I D  7. ,  J  D % >  <  =  M A X P X  THEN  GOTO  1  1280  ELSi 

ceed  "  MAXF'V. 

GOTO  11220 

PR I NT  "Enter  waveform  in  the  format:  value  am 
FOR  J7.=  l  TO  K X MA X  X  ( I  D7. ,  J  DX ) 

F'F:INT  "piece  #"  J%; 

INPUT  DFGV7.  (J7.,  ID%,  JD7.)  ,  DFGT  <J%,  ID’:,  JD%) 

REM  Check  to  make  sure  that  1  <=df  qvX  ( JX ,  i  d7. ,  jdX • ■. -i 

IF  DFGV7.  (JX,  IDX,  JDX)  1  GOTO  11420 
IF  DFG V/.  ( J 7. .  I D7. ,  J D7. )  <=  NS7.  GOTO  11460 
PRINT  "State  level  out  of  range." 

GOTO  11320  •’  re-enter  tm 

IF  J7.--1  GOTO  11600 

IF  DFGT  ( J 7. ,  I D X ,  J D % )  >  DFGT  <  J X- 1,1  D7. ,  J D7. ;  GOTO 
must  be  monotone  i ncr easi ng " : GOTO  11320 
REM  Check  #  of  distinct  levels 

FOR  L 7. =J TO  1  STEP- 1 

IF  DFGV7.  ( J7.,  IDX,  JDX)  =DFGV7.  < LX,  IDX,  JDX  •  GOTO  1 
MUM  17.  =  NUM17.+  1 
NEXT  LX 
NEXT  J 7. 

R E M  E c h o  w a v e f a r m  jus t  e n t e r e d 

PR I NT : PR I NT  "The  waveform  just  entered  is  as 
P PINT  "Piece  # " T A B  ( 1 0 )  ' ' V a i u e " T A B < 2 0 ) " £ t a r t  1 1 . 

PR  I  NT  " . .  "  TAB  (  1  0 >  “  .  1  1  AB  ■.  20  ■  1 

FOF:  J 7.  =  i  TO  k . X M A X X  (  I D X.  J D X > 

FEINT  TAB  3  1  JX;  TAB  '  13'  DFGVX  '  JX,  tuX.  J  DX  ;  TAB  <2 


1  1  740 
1 1 :7=v 
1  1  7  so 
1  !  8-  v 

f  i  ;Tie  " 

i  i&.:.o 


NE,',  r  JX 

INPUT  "Anv  changes  •.  t  .<  es  or  ( N )  o  ' :  •  c£ 

IF  '  f  "  Y"  THEN  I- E  l  URN 

PR  III  T  'Enter  changes  in  tie  format:  piece#. 


PRINT  and  enter  piece  4  of 

I  INPUT  'X,  Y 

l p  j ■  •  Gu  ru  i 

FF  J  '  r ! :  ,  X  J  J  b  .  ■  GO'!  0  )  I  >Y> 


» 


r- 

1  1  920 

GOTO  11840 

1  1940 

PRINT  "Piece  #  must  not  euceea  " 

1  i960 

GOTO  11840 

1  1980 

REM 

!  1990 

REM 

1  i  99 1 

REM  : 

**  * 

*******  WRITE  DFGS  *  *  *  *  *  4*  **  * 

ft 

l  \  q  9  2 

REM 

1 2000 

REM 

1 2020 

ft  e  n 

This  subroutine  is  used  to  save  DF 

1  2040 

REM 

£ 

1 2060 

IF  DR  I  VE*=  "  B  "  THEN  F  I  LE*=  "  B  :  "  +DFG 

1  2080 

IF  DRIVE*="b"  THEN  FILE**1 B: "+DFG 

1 2;  1  oo 

OPEN  FILE*  AE  #1  LEM=6 

5  2120 

FIELD  #1,  2  AS  Of.  4  AS  7$ 

t  #  • 

12140 

J  4:4=0 

1  2 1 60 

FOR  1 27.=  1  TO  MU'/. 

V. 

1 2 1 80 

FOR  J27.=  1  TO  MS’; 

r 

1  2200 

J5’/.=J47.  +  1 

12220 

LSET  Of  - M K I  *  <  L  X  M A X v.  1 2  v .  J  2 7.  •  - 

1  2240 

PUT  #1  ,  J57. 

v 

1 2260 

J  37.  =  J47.  +  2 

,  • 

«, « 

1 2230 

J  47.~  J  47.  +  K X  MA  X %  <  1 27. .  J  27.  >  +•  1 

1 2300 

KD7.=  1 

■ 

12320 

FOR  JD7.=J37.  TO  J47. 

p» 

12340 

LSET  V$*MK I *  (DFGV7.  (KD7. ,  127,  J2“.  ■  .* 

1 2360 

LSET  T*=MKS*  ( DFGT  ( KD7. ,  1 2% .  J 27. )  > 

, 

12380 

PUT  #  1  ,  JD7. 

ft 

1  2400 

KD7.=KD7.+  1 

cv 

1  2420 

NEXT  JD7. 

1  2440 

NEXT  J 27. 

7 

1  2460 

NEXT  127 

K 

1  2430 

LSET  V*  -  MK I*  (KXMAX7.ll,  1)  > 

1 2500 

F2  -  MU 7.  +  NS 7./ 100 

1  2520 

LSET  T*  "  MLS*  (1-2) 

*>4 

1 2540 

PUT  #1,1 

i 

i  2560 

CLOSE  +!1 

1 2580 

RETURN 

J/ 

[  2  6  Oft1 

REM 

%*. 

i2~ ! 

REM 

1  2t  1  i. 

REM 

*  4:  * 

t  *  t  *  f  +  *  READ  DFGS  t  *  *  t  f  1 * 1  t  ? 

.  . 

1  2>> :  2 

REM 

>*. 

1  2  “-20 

REM 

1  2640 

ft- Eh 

***  4SUBF0U  riNE  READDFG  K  ■(  t  f 

•j 

REM 

This  subroutine  is  used  to  read  La 

s 

REM 

1 0 usl v  enters d  a n d  s a v e d 

A 

REM 

12:20 

I F  DR I VE*- " B "  THEN  F I LE*= " B : " +  DF G 

p  ■ 

2  "  !  0 

IF  DR  I  VE*  =  "  b  "  THEN  F  I  LE*~  "  h :  "  -!-LT  b 

1  2  "’if 

OPEN  FILE*  AS  #1  LEM* 6 

’ 

FTE'I.D  #1.  2  AS  04.  4  AG  ft 

1  220'.' 

GET  #1,1 

•\ 

1 

F2  *  L95 • T* ' 

L  .2.;  40 

SAVEDML'7.  *  FG 

i  at 


2860 

SAVE  DNS  7.  =  < 

F2— SAVEDMU7.  >  *  1  00 

2880 

IF  SAVED  MU  7. 

<>  MU "4  GOTO  13300 

2900 

IF  SAVEDNS7. 

<>  N37.  GOTO  13300 

2920 

J47.=0 

2940 

FOR  1 27.-1  TO 

MU  7. 

2960 

FOR  J  27.=  1  TO  NS 7. 

29  SO 

J57.  =  J  47.  + 

1 

"T 

GET  #1,J57. 

3020 

KXMAX3  <  127.,  J 

27.)  =CVI  (V$) 

3040 

J3/1-J57.+  1 

3  o  6  o 

J  47.  =  J47.  + 

KXMAX7.  <  127..  J27.)  + 

3080 

KD7.  =  1 

3. 1 00 

FOR  JD7.  =  J3 

7.  TO  J  47. 

3  1 20 

GET  #1 ,  JD7. 

3140 

DFGV7.  <KD7.,  12 

7. ,  J  27. )  =CVI  <  VT> 

3160 

DFGT  (KD7. ,  127. 

,  J27)  -CVS  <  T-$ ) 

3 1  SO 

KD7.  =  KD7.  + 

1 

3200 

NEXT  JD7. 

3220 

NEXT  J27. 

3240 

NEXT  1 27. 

3260 

CLOSE  #1 

••r  o  ,“i 

R  E  TU  R  IN 

3  3  4  0 
3360 
3380 
3400 
3420 
3440 
3460 
3480 
3500 
3520 
3540 

nr  ,*•, 


1  3  6  &0 
1 3  fc  80 
1  3700 
1  3720 
1  3740 


A*  l:S4" 


REM 

REM 

REM  ** 
REM 
REM 
REM 
REM 
REM 


Dimensions  of  DR G  specified  are  different  fr 
current  SAM. 

IF  SAVEDMU7.  <  MU 7.  GOTO  13460 
IF  SAVEDNS7.  <  NS 7.  GOTO  13460 

PRINT  "Dimensions  of  DFG  saved  in  file  e:-;ce 
PRINT  "current  SAM.  Simulation  will  use  cor 
PRINT  "of  DFG. “ 

GOTO  12920  'continue  re 

PRINT  "Dimensions  of  DR'G  saved  in  file  are  1  e 
PRINT  "of  current  SAM.  New  DFG  mav  have  to  be 
Q  =  1  ’ set  error  " 

CLOSE  #1 
RETURN 


********  ECHO  DF6S  *  *  *  *  *  *  *  *  * .* 


those 


those 
soond i  v 

ad  me.  i 

S  S  t  hi  a  r 

enters 

bit" 


DFG 
n  t  h  a  - 

eel ,  " 


* * * * SUBROUT I NE  ECHODFG* * * t 
This  subroutine  is  used  for 


:h, sins  -  URG  rear. 


PRINT:  PRINT 

PR  1  NT  "  DFG  (  "  1 1  7. "  .  "  J  1 7. "  )  " 

P  R I  NT  "Piece  #“T  A  B  <  1. 0 )  ‘ '  V  a  I  u  e ' '  T  A  B  <  2  o>  "  S  t  a  r  •  t 

PR  I  NT  "  — . . "  TAB  '  1  0 .)  " - "  TV  )B  <  >  •  " - - 

FOR  J7.  -  1  TO  K  X M  A  X 7.  ( I  1 7. ,  J  1  V. ) 

PR  l  NT  TAB  ( 3  )  JV. :  TAB  <13*  DFGV4  <  J7. .  t  1  \ .  4  1  *■•  ■  :  1  OR 
NEXT  JV. 

INPUT  "Any  chances  (Y)as  or  an  I  e,  "  :  vv* 

I F  X  $  -  "  Y  "  G  0  1 0  1 3. 8  6  0 
IF  THEN  RETURN 


►  V  V  -.  7 


»  1 


.  /.  V. 


3773 


*».  iMP4  -  j 

VWv 
1 V  vV. 

« “  vs’  V1 
<  \_ *  'a  >  . 


'■£#>;£ 

>’.%*  \*.Vj 

v  tS*  </ 


VvV’' 

.*  .•  .*  l 


-  Y 

«.  *  .  *  -  *  .  *1 

» 7  »  *  - 


VYsS" 

'^•Vv 

>>£3*7 


■  *.  *.  v 


L‘ 

L-’.  •• 


r w>,  »■>  vr*  a  'jv  .v  .v.'.'.v.v,  VA'  V  »„■  v*  JT7T?  'r r.  on  r  ■  .■ 


1  '.*. 


'.  '-t  v  -?  v 


A 

a 


P>  13860 
\S  time" 
13880 
■  .  13900 
S  13920 
13940 
13960 
>>'  13980 
14000 
1  4020 
■  14040 
’<  65529 


f 


PRINT  "Enter  changes  in  the  -format:  piece  #.  value  and  start 

PRINT  "To  end  enter  piece  #  of  0" 

INPUT  J "/. ,  X 7. ,  V 

IF  J%=0  GOTO  13680 

IF  J  %  >K X  HA  X  X ( I  1  % , J 1 % )  GOTO  1 4000 

DFGV*/.  <J%,  11%,  Jl%>  =  X%  :  DFGT  ( J%,  1 1%.  J  1%)  ~  V 

GOTO  13900 

PRINT  "Piece  #  must  not  exceed  "KXMAXX  <  ID%.  JD%) 

GOTO  13900 

REM 

THIS  IS  THE  END  OF  THE  MODULE 


-V- .  - 
/.  V/ : 

x.A; 


v"  '  < »  «  , 

» V  V 


I 

A 


l 


> 


.V 

.V 


9 


•  %  *  .  • .  * 


4 


y-:4 


m 


*>**?•<* 


-  «V  /.  -• 


.  w.  /*. 


r. 


•  -ro-r- 


"V  V  \  " 

■-N  J 

M 

<■  v  ■  i 

o-.y..- 

t.v>v 


9000  REM  LGFOVR . BAS  MODULE 

900 1  REM  **************************  #  *:**  *  *  #  #  #  *  *  *  *  *  *  *  *:  #  *  *  #  *  .*  *  *  *  #  :*  *  *  %  t  *  * 


9002 
v*  10000 
10020 
'  10)040 

1 0060 
xj  10080 

V  1 0 1 00 
1 0 1 20 


CLS  :  LOCATE  2,33  :  PRINT  "L  F  ME  N  U" 

LOCATE  11,25  :  PRINT  "1  —  Load  LF  from  file" 

LOCATE  13,25  :  PRINT  "2  —  Enter  LF  -from  keyboard" 

LOCATE  15,25  :  PRINT  "3  —  Modify  LF  in  memory" 

LOCATE  17,25  :  PRINT  "4  —  Exit  to  main  menu" 

LOCATE  23,20  :  PRINT  SRC  (40) 

LOCATE  23,20  :  INPUT  "Enter  selection  by  number  " ;  SUBSEL7. 


^  10140  ON  SUBSEL7.  SOTO  10200,10280,10230,5000 
10160  SOUND  200,2  "  goto  9100 

10200  CLS  :  INPUT  “File  name  from  which  LF  is  to  be  read  "  ;LFXX$ 
10220  GOSUB  11760 


'a 

1  0240 

GOTO  10000 

•j* 

1 0260 

REM 

10280 

REM 

Enter  Logic 

V 

1 0300 

CLS 

t 

10320 

10340 

PRINT 

GOSUB  10600 

10350 
■'/.  10351 
'■>  10352 
10360 
fl|  10380 
™  10400 
10420 
,  10440 

10460 
■*-  10430 
10500 
T  10520 
C  10540 
1 0560 
10530 
f.\  10590 

10591 

10592 

y  10600 

1  6  I 
1 06  40 
,  10660 
10680 
1 0  700 
U'C’ZO 
■L  1<  '25 
V  1073C 
1 0740 

t  10760 
■  level 

1  0  7  80 
y  toGO1:* 

10&2O 


REM 

REM  **********  SAVE  LF  **#**#»#** 

REM 

REM 

REM  Prompt  to  find  out  it  the  Logic  Function  generator  Just  entered 
REM  is  to  be  saved. 

REM 

PRINT 

INPUT  "Is  LF  to  be  saved?  (V)ss  or  No  ";Z$ 

IF  Z$="y"  GOTO  10520 
IF  2$<>"Y"  GOTO  5000 
PRINT 

INPUT  "Enter  tile  name  under  which  LF  is  to  be  saved.  " ;  LFXXSS 
GuSUB  11300 

GOTO  IOC*  00 
REM 

REM  ********  **  ENTER  LF  ********** 

REM 

REM  This  subroutine  is  used  tor  entering  the  array  LF  (Logic  Runet- 

REM  ion  generator).  The  array  has  dimension  MU:,  NS  where  MU  is  the 

REM  number  of  input  levels  and  NS  is  :h=  number  ot  states,  as  dec I  - 

REM  ared  at  the  beginning  of  the  program.  Note  that  even  it  the 

FEM  number  of  distinct  levels  in  the  input  signal  is  less  than  ML! 

REM  and/or  tine  number  of  distinct  states  appearing  in  the  DFGs  is 

REM  less  than  MS,  MU* NS  anti  ies  must  be  provided  for  LF. 

IF  SUB SELL “7  GOTO  10740 

INPUT  "Enter  number  of  output  levels  " ; YMAXL  :  PRINT 
FOR  J7.~l  TO  MU 7. 

ON  SUBSEL7.  GOTO  10000,  10760,  10860,  5000 

PRINT  "Enter "NS"*'."  values  for  output  corresponding  to  input 

"  :  J i  "  and  " 

PRINT  "each  of  the"  ;  NS/C 5  "states . 

FOR  L/.---1  TO  NS X 
INPUT  LF  7.  ( JL,  KV.) 


v  •.---■0.0.- 

'  -J  .  -  .  -  L>-  _•  A  .X  . 


'  ^  ,** 

s-x'vCv'.xV 


•'*  •  .*  v.'  */*  .  •  *'  **’,  N*V‘  •*  V* 


,  ) 
\  \ 


MSS 


■ 

10840 

NEXT  K7. 

1 0860 

REM 

Echo  the  readout  map  just  entered 

10880 

PRINT  "Readout  map  just  entered  is  as  follows 

»• 

2  0900 

PRINT  "Input "TAB (10) "State" TAB (20) "Output" 

ri 

10920 

PR  I  NT  " - "  TAB  ( 1 0 )  " - "  T AB  ( 20 )  " - " 

r*. 

1 0Q40 

FOR  L7.=  l  TO  NS’/. 

1 0960 

PRINT  TAB  (2)  JX;  TAB  (12)  LX ;  TAB  (22)  LEX  ( JX,  LX) 

1 0980 

NEXT  LX 

£ 

1  1000 

REM 

Ask  for  modi f i cat i ons,  if  any 

1 1020 

INPUT  "Changes?  (Y)es  or  <N)o  “;X$ 

1  1  040 

IF  XTK  > " Y "  GOTO  11240 

1  1  060 

PRINT  "Enter  changes  in  the  format,  state  and 

M 

1  1080 

PRINT  "To  end,  enter  state  value  of  0" 

1 1  100 

INPUT  IX, YX 

'v 

1  1 1  20 

IF  I7.<=0  GOTO  10880 

«.% 

1  1140 

IF  IX>NSX  GOTO  11200 

1 1160 

LFX ( JX, IX) =YX 

*  » 

1 1 180 

GOTO  11100 

r* 

1 1 200 

PRINT  "State  value  must  not  e::ceed"NSX 

L> 

1 ;!.  220 

GOTO  11100 

1  1240 

NEXT  JX 

V 

1 1 260 

RETURN 

<1 

11230 

REM 

1 1290 

REM 

■ 

11291 

REM 

**********  WRITE  LF  ********** 

f 

1 1 2°  2 

REM 

11300 

REM 

This  subroutine  is  used  to  save  a  Logic  Functi 

1 1320 

REM 

1 1340 

IF  DRIVE$="B"  THEN  FILE*="B: "+LFXXS  ELSE  FILET 

m* 

1  1 360 

IF  DRIVE**" b"  THEN  FILE$="B: "+LFXX* 

11380 

OPEN  FILE*  AS  #1  LEN=2 

9 

1 1 400 

FIELD  #1,  2  AS  V* 

1  1420 

LSET  V*  =  MRI*(NSX) 

1  1440 

PUT  #1,1 

*1 

1  1  4  6  0 

LSET  V*  =  MKI* (MUX) 

:* 

.1  1  4  BO 

PUT  #1,2 

jf 

1 1  490 

LSET  V*  =  MKIT(YMAXX) 

1  1495 

PUT  #1,3 

^', 

1 15o0 

FOR  I2X  =  1  TO  MUX 

v’ 

11520 

J37.  =  ( 1 2X—  1  >  *NSX  +  4 

1 J.  540 

J4X  =  I2X*NSX  +  3 

V. 

11560 

KDX  *  1 

1  1580 

FOR  J2X  =  J3X  TU  J4X 

• 

1  1600 

L S E T  V $  a  MK I * ( LFX ( 1 2X , KDX  >  ) 

1  1620 

PUT  #  .1.  ,  J  2X 

s' 

1  1  6  4  0 

KDX  a  KDX  +  1 

V 

1  1660 

NEXT  J2X 

1 1680 

NEXT  12% 

x* 

1  1  '■■' 00 

CLOSE  #1 

L 

1  1  320 

RETURN 

7? 

1  1  'I'.' 

REM 

1  1  750 

REM 

1  l  ! 

f- 1  r: 

**********  READ  LF  ********** 

’O 

*  1  \?  CT  '9 

REM 

ya>vv 

\  V  I 
>>>, 
>>> 
VV> 

i^Saa 

!^vv 

•/ V  -v* 

.WJ 

>.\’.“N 


ivyv 

j.  j 

•V.y.v; 

.* »/.  A 
&& 
?/: 

«r  /  ** 

%p" 

>,v 

■>Jv 

v>>: 

vJ/V 


vWJ 


.*  •  V 

\'.<N 

VO  O  \ 

>  V*  *  o 
*V  V  V 
■  ■  *  v>  * 


'Wo-c-,: 


r  V  v 


This  subroutine  is  used  to  read 
has  been  saved  in  a  tile. 


■  11760 
™  11780 
1 1 800 
.  1 1 820 
11340 


12400 
1 2420 
12440 
1 2460 
12430 
1 2500 


a  Logic  Funtion  generator  which 


IF  DRIVE*=“B"  THEN  FILE*-“B:  "+LFXX$  ELSE  FILE$- 
IF  DRI VE*="b "  THEN  FILE*="B: "+LFXX$ 


1 1 860 

OPEN  FILE'S  AS  #t  LEN=2 

1 1 880 

FIELD  #1,2  AS  Of 

1  IQf-.O 

GET  #1,1 

11920 

SAVEDNS7.  =  CVI  <V$> 

t  1940 

GET  #1,2 

1 1 96  0 

SAVEDNU7.  =  CVIfV*) 

1  1  980 

IF  SAUEDNS7.<  >NS7.  GOTO 

1 2280 

1 2000 

IF  SAVEDMU7.<  >MU7.  GOTO 

!  2230 

12010 

GET  #1,3  :  Y  M  A  X  7. = C  V  I  ( V  ) 

.1 11’ 02.0 

FOR  127.  =  1  TO  MU 7. 

12040 

J37.  =  <  1 27.-1 )  *NS7.  +  4 

12060 

J  4  7.  =  1 27.4NS7.  +  3 

1 2080 

KD7.  =  1 

1 2 1 00 

FOR  J27.  =  J 37.  TO  J47. 

12120 

GET  #  1 ,  J  27. 

1 2 1 40 

LF7.  ( 1 27. ,  KD7. )  -  CV I  ( Vf.  j 

1 2 1 60 

KD7.  =  K£>7.  +  1 

12.180 

NEXT  J 27. 

1  2200 

NEXT  127. 

1 2220 

Q7.  =  0 

12240 

CLOSE  #1 

1 2260 

RETURN 

12280 

IF  SAVEDMU7.<MU7.  GOTO  J. 

2330 

12300 

IF  S A V E D N S % < N S 7.  GOTO  1 

2380 

1 2320 

F’RINT  "Dimensions  of  s 

aved 

12340 

PRINT  "Si mul at i on  wi I 1 

use 

12360 

GOTO  12020 

12380 

PRINT  "Dimension  of  sa 

ved  L 

:urren’ 
in  o  f 


PRINT  "New  LF  may  have  to  be  entered." 
PRINT  "#  states  in  LF  is" SAVE  DNS": 

PRINT  "#  input  levels  in  LF  is"SAVEDMU": 
Q7.  =  1 
CL.0SE  #1 
RETURN 

i a  the  end  of  the  program 


■:v;a 

.-.v.V 

m  - 

VV’j 

VV-j 


s,  \  v 

•w 


•yol- 

.  V  '  • 

_»  *  m 

*  V  *  •  * 

6  -*,V, 
V.V.V 

V  vs^ 


•A?; 

'Ovlv1 


#>?: 

& 

.  N"  \ 

5*/  » 


Q(Vin 

REM 

R  S  M  0  V  R .  B  A  S  M  0  D  U  L  E 

Pool 

REM 

* *  * *  * * * * * * * * * * * **** * * *  * * * * * *  * * * * *  * * *  *  * * * * 

*  *  *  *  *  *  *  *  t  *  t  *  *  *  *  *  j 

t  *  t  *  * 

Khr*  q  2 

REM 

1  OO  (to 

REM 

The  si  mu 1  at ion  is  event  dr 1 ven ,  t h  e 

events 

being  cnan 

a  e  3 

{S0020 

REM 

in  the  input,  but  NOT  the  state.  Th 

e  si  mu 1 

at  1  on  will 

j  Q  4  Q 

REM 

continue  to  run  until  either  no  more 

such  c 

hanqes  occ 

J  >  ¥~ 

1 0060 

REM 

(as  indicated  by  the  particular  DFG 

s  1  g  n  a  1 

and  input 

sign  a 1 

*j(0080 

REM 

involved)  or  until  a  user-specified 

max  1  mum 

number  of 

cs  \r  0  n  ti 

§0100 

REM 

have  occurred.  We  prompt  the  user  for  this 

maximum  n 

umber 

•f0120 

REM 

and  store  it  in  variable  EVENT b% 

JL  0 1 40 

REM 

>y0160 

REM 

It  is  thus  true  that  EVENTS"'.  <=  MAXY 

y 

•O 1 70 

REM 

1 0 1 7  1 

REM 

**********  ENTER  MAXIMUM  EVENTS  ********* 

w 

0 1  72 

REM 

>.0180  REM 

”l0200  CL5  :  PRINT 

J.XQ220  PRINT  "  Maximum  #  of  system  events  in  simulation  1  .--"Ma; 

0240  PRINT 

1 02.60  INPUT  "no.  of  events  -  ",  EVENT 5% 

1,0230  IF  EVENTS*/.  <  1  GOTO  10320 

5*0300  IF  EVENTS"/.  <=  MAXY*/.  GOTO  10360 

* 

ft 0320  PRINT  "Number  of  events  is  out  of  range.  Try  again." 

10340  (50T0  10220 

■0360  REM 

*037  0  REM 

1037 1  REM  **********  ENTER  PROCESSING  TIME  ********** 

/.0372  REM 

{{:03S0  REM  For  realizable  (physical)  SAMs  there  is  a  maximum  repetition 

1C) 400  REM  rate  for  events  which  can  be  processed  by  the  SAM.  This  arises 

^0420  REM  from  the  finite  (nonzero)  time  it  takes  to  process  an  event. 

0440  REM  We  call  this  time  TF'RQC  and  prompt  for  it.  The  default  value 

10460  REM  is  0,  meaning  that  the  SAM  is  not  realizable  in  practice. 


1  0480 

REM 

•  (j  3  0  0 

PRINT 

^ , 0520 

PR  I  NT 

1 054  0 

PRINT 

,<{0560 

PRINT 

•S  0580 

INPUT 

1 0  &  0  0 
10620 

V  0640 
0660 

1 0630 

V  1  >  7  ("' <■) 

1  0740 
?  0780 


Run  simulation 
PRINT 

PRINT  "Ready  to  run  simulation.  Enter  initial  state 
PRINT  "which  must  be  an  integer  between  1  and  "NS/. 
INPUT  X07. 

IF  X0*/.  <  1  GOTO  10780 
IF  XG7.  <=  NS7.  GOTO  10820 

PRINT  "Initial  state  is  out  of  range.  Try  again." 
GOTO  10680 

Ini t i a 1  s t a t e  is  in  range,  ru n  s 1 m u 1  a t i a n 
GOSUP  11230  ’call  SUBROUTINE  RUM 

Compact  output  array 
IND*/.  --  INDEX*/. 


•W  >> 

SrV  V*S 


-v- 

*  •*.  /. 


a  v.:7: 


•V  v  v  %.] 


.v.v.vS 

V  */.’.•  y 


*  .*  -v  / 


mm?"* 

rm 


A^/v* 
>  ^  ^ 

a  g-v 

■  .•a  at 


r  . 


f+iTmJc+P.  1-  - 


1 0920 


©D960 

REM 

0*0980 

1 1 me " T  AB 

f  Tp  i  1 

000 

.V 

" TAB ( 47 ) 

" - 

LI  020 

v*. 

,_.l  '..I'iv1 

'■o7. ;  TAB  ( 1 
1  1 060 
•;;.l  080 
■ill  1  00 

1  1  120 
1140 
“•]  1  1  60 
''l  1 1  so 

A  1 200 

h220 

4  1  240 

3 )  YV! 

REM 

1 1 260 

£1270 

REM 

i  27  i 

REM 

1 1272 

REM 

*1230 

REM 

1 300  • 

REM 

1 320 

REM 

.1  1340 

REM 

"V  1  360 

REM 

1 330 

REM 

1  1  400 

REM 

V  1420 

REM 

■>;  1 440 

REM 

i  1  460 

REM 

•x  1  480 

REM 

,V  ;t  ®00 

REM 

1 1520 

REM 

.1  :l  540 

REM 

1  560 

'm*  1390 

REM 

1  1  600 

1 620 

REM 

.  .1 640 

1  1 660 

V  1680 

REM 

i.  700 

1  1720 

JL  17  40 

REM 

L  1  760 

N  1730 

REM 

1 1 800 

pv  |.  920 

18  40 

REM 

PRINT  "  IND7.  =  ;  IND'C 

Print  output  and  other  arrays 
PRINT  " Index "TAB (8) "Output  val ue " TAB ( 24 > "Start 
Input "TAB (47) "State" 

PR  I  NT  " - "  TAB  <  8  >  " - "  TAB  <  24 )  " - 


FOR  J'i  =  1  TO  1ND7. 

PRINT  TAB (3) 

;  TAB  (27)  YT  (J7.)  ;  TAB  (39)  ORES’/.  (J 7.)  ;  TAB  (47)  XRES7.  (J7.) 

NEXT  J */. 

PRINT 

PRINT  "Results  from  this  run  may  he  saved  in  a  Tils  on  disk." 
PRINT  "If  results  are  to  be  saved,  enter  a  file  name  in  the" 
PRINT  "form  *  RES:<  x  ’  ,  where  are  numeric  characters.  " 

PRINT  "If  results  are  NOT  to  be  saved  enter  CR  at  the  prompt. 

INPUT  "File  name  for  saving  results.  ".REBXXi 

IF  RESXX*-""  GOTO  11240 

GOSUB  13300 

GOTO  5000 


1  I  860 
'  1 880 


*  *  *  *  SUBROUT I NE  RUNS  I M  * *  *  * 

This  subroutine  performs  the  actual  simulation  on  the  model 
entered  in  the  foregoing  part  of  the  program.  The  simulation 
consists  of  determining  the  output  at  every  instant  as  well  a 
the  corresponding  state  and  input.  Since  the  model  assumes  th 
changes  in  the  output  can  only  occur  when  there  is  a  change 
either  in  the  input  or  in  the  state,  the  simulation  is  event 
dr i ven . 

Set  the  time  cor r espondi ng  to  an  infinite  delay. 

Also  set  EF'SI,  a  small  positive  quantity,  for  use  in 
determining  when  TU  and  TX  are  about  eaual . 

CD7.  is  a  code  used  to  determine  whether  an  input  event 
occurred  during  processing,  throughout  the  simulation. 

TINF  =  32000  :  EF'SI  =  .000001  :  CD*.  =  0 
Ini t l a lice  indices 
INDEX  7.“- 1  s  IX7.-1:  IU7.=  1 
I  n  1 1  x  a  lice  i  n  p  ut  an  d  DFG 
UI7.-UV7.  (  1 1  J  % ) 

XL7.=  X07. 

Initialise  state 
X  J’/.=DFGV7.  ( 1 ,  UI  7.,  XL 7.) 

First  output  piece 
Y  T  ( 1 )  =0  :  YV7.  (  1 )  =LF7.  ( U 1 7. ,  X  J  7. ) 

URESr,  ( 1  )  =U I  y. r.  XRES7.  (  1.  )  ~yjy. 

Start  loop 
INDEX".  ~2 

Get  time  to  next  transition  on  input  and  state 
IF  NUMPU7. < 2  THEM  TU=T I NF  ELSE  TU'=UT(2- 

IF  F : /  N A X %  ( L 1 7. ,  X L ". )  .2  THEN  T  <~T  INF  ELSE  T  •••••'.  ■:  G  i  •  ...  U  I  • '  '. 

i  x  y.~2 


1*  • 

1 1900 

REN 

Pt  920 

REM 

>*1  940 

REM 

1 1960 

.>*1980 

‘£•2000 

""12020 

REM 

,1  2040 

REM 

■‘■".2060 
‘  T2080 

ELSE  TU 

-  TU 

7 1  (..J  (.) 

IS2120 

REM 

12140 

REM 

-7,2160 

2 1 80 

REM 

12200 

REM 

„i  2220 

REM 

f-2240 
'  1 2260 
12230 

F'EM 

.  2300 

2320 

12340 

REM 

■  2360 

1*2380 

REM 

12400 
;  2420 

£>2440 

*12460 

12480 

J-  2500 
.*!  2520 

REM 

1 2540 

REM 

"  >  ■  - 

Vj258  O 

1 2600 
,A 2620 
‘•'1 2640 
^ 12660 
12660 
2700 
.  .2720 

I.  2740 
.2760 
.2780 
1 2800 

J. 2820 
1^.2840 

1 2360 


1  2040 


m 


Test  for  occurence  of  an  event  during  processing  time. 

Note  that  we  test  only  for  occurence  of  an  input  cnsnge 
since  a  state  change  is  not  considered  a  maskable  event. 

QV.  =  0  'clear  test  bit. 

IF  TU  >=  TPRQC  GOTO  12280 

07.  =  1  :  CD-/.  =  1  ’event  during  process!  ng ,  set  Q" 

Current  input  does  not  persist  throughout  processing  time. 

Get  next  input  piece, 
iuy.  =  IUV.  +  1 

IF  IUV.  >=  NUMPU7.  THEN  TU  =  TINF 
UT  <  IUV.+  1 )  -  UT  ( IUV.) 

IF  IUV.  >  NUMPUV.  THEN  IUV.  =  NUMPUV. 

Check  to  see  if  duration  of  new  piece (s>  plus  what  is  left  of 
current  piece  is  up  to  TPRQC. 

IF  TU  v  TPR0C  GOTO  12040 

TU  is  now  large  enough.  Decrement  input  piece  pointer.  This 
will  be  incremented  in  the  part  of  the  program  which  handles 
the  case  where  the  next  event  is  an  input  change. 

IUV.  =  IUV.  -  1 
GOTO  12760 

Check  for  smaller  of  TU  and  TX 
IF  ABS (TU— TX)  <  EPSI  GOTO  13220 
IF  TU  <  TX  GOTO  12760 

Next  event  is  a  change  in  the  state.  Get  new  state. 

X JV.-DFGW.  ( I XV.,  UIV.,  XL 7. ) 

Get  output  value  and  start  time. 

YVV.  (  INDEX-/.)  =LFV.  (UIV.,  XJV.) 

YT  (INDEX-/.)  =TX+YT  ( INDEX*/.- 1  > 

I F  QV.=  1  THEN  YT  (  I NDEXV. )  =YT  (  I NDEXV.- 1  )  +  TPRQC 
URESV.  (INDEX-/.)  =UIV.:  XEE57.  (INDEX*/.)  =XJV. 

Increment  output  piece  pointer. 

INDEX*/.=  INDEXV.+  1  :  IF  INDEX */.<  =E VENTS*/.  GOTO  12540 
INDEX-/.  =  INDEX-/.  -  1:  RETURN 
Adjust  TU. 

IF  TUOTINF  THEN  TU=TU-TX 
Read  new  TX. 

IF  QV.  =  0  GOTO  12660 
IF  TX  <>  TINF  THEN  TX  =  TX  -  TPROC 
GOTO  11900 
I  X7.=  I  XV.+  l 

IF  IXV.OKXMAXV.  (UIV.,  XLV.)  GOTO  12720 
1X7.  =  I XV.  -  1:  TX  =  TINF:  GOTO  11900 
TX=DFG T  (  I  X V. ,  U I */. ,  X L V. >  - D F G T  ( I  X V.-l,  U I " . ,  X L % ) 

GOTO  11900 

Next  event  is  an  input  change.  Get  new  input  and  DPS. 

IU7.  -•=  IUV.  +  1 
U  I  V.--UV7.  ( I U7. ) 

XLV.--X  J  V. 

Get  new  state 

I  X‘/.=  l :  X  J7.r~DFGV7.  ( 1 ,  UIV.,  XLV.) 

Get  output 

Y V 7.  (  I  N D EX 7.)  =L F V.  (  U  I  V. .  X  J 7. ) 

Y  I  (  INDEX-/;  -TU+YT  (  INDEX-/.- 1  • 

IF  07.~  1  THEN  YT  ( INDEX-!)  =YT  <  INDEX 7.-1  »  t TPROC 


V.v> 


m 

s-y.M 


j 

A _ 

rw-.*.v 

t*  i  *  .  ■  , 

/-*■  v.Y 

'ft*# 

•yyyyjy 


'iV.V 

■  V  V  v» 

v.Vjv ' 

vVv 


.  "  «v*  « 


v\<%*: 


2-v-^: 


12960 

URES7.  ( I  NDE  X  7. )  =U  I  % : 

02930 

I  NDE  X  7.=  I  NDE  X  ’/.+ 1 

V3000 

i  f  i  nde x :;<  =e vents:; 

1 3020 

INDEX"/.  =  INDEX";  - 

"<y3040 

REM 

Increment  state  poi 

n\30 60 

IX‘/.=  IX7.+  1 

13030 

IF  IX 7. <  =  K X M A X :;  ( U 1 7. 

1  3 1 00 

T  X  =  T  INF:  IX:;=IX7.“1 

v3120 

GOTO  13160 

4*3140 

TX=DFGT  (2,  U 1 7. ,  XL/.) 

13160 

REM 

Get  new  TU 

^3 1  80 

IF  ( IU7.+  1 )  >NUMPU7. 

■3200 

GOTO  11900 

1  3220 

REM 

TU=TX . 

'•324  0 
v3  2  6  0 


XRES7.  ( INDEX-;) 


RETURN 


XL"; )  SOTO  13140 


THEN  TU=T  I  IMF  ELSE  TU=UT  <  I  U/.+  1  ■  -YT  <  I NDE 


13230 

REM 

,1  3300 

REM 

s330l 

REM 

:*  *  *  *  *  :*  *  *  *  * 

7  3 3  0 2 

REM 

1 3320 

REM 

This  su 

V3340 

REM 

?3360 

IF  DR I 

13330 

IF  DRI 

IF  TUOTINF  GOTO  12760 

index:;  =  index:;  ~i:  return 


*****  SAVE  SIMULATION  RESULTS  ********** 

his  subroutine  is  used  tor  saving  the  results  of  a 

IF  DRIVE*— "B"  THEN  FIL£*="B: “+RESXX*  ELSE  FILE*=R££ 
IF  DRIVE*=“b"  THEN  FILE*="B: "+RESXX* 


OPEN  FILE*  AS  #1  LEN=10 


J 3420 

FIELD  #1, 

2  AS  Y* ,  2  AS  LI* 

1 3440 

REM 

Save  speci 

tics  of  the  run 

Pi  3460 

LSET  U*  = 

RIGHT*  CINPUTXX*, 

i"»3480 

LSET  X*  = 

RIGHT* (DFGXX*, 2) 

^  3500 

LSET  Y*  == 

RIGHT*  < LFX X* , 2 ) 

13520 

LSET  T*  = 

MK I  *  ( IND"/.) 

>3540 

PRINT  Y*, 

U*, X*. T* 

2  3560 

PUT  #1,1 

1  3530 

LSET  Y*  = 

MKI*  (YMAX7.) 

*3600 

LSET  U*  = 

MK  I  *  ( MU7.  > 

N  3*620 

LSET  X*  = 

MK  I  *  (  NS7. ) 

13640 

LSET  T*  = 

MKI*  <X07.) 

X  3660 

PUT  #1,2 

il  W  (  i 

LJ 

LSET  Y*  = 

MKI*  (CD 7.) 

■Tl  3700 

LSET  T*  - 

MKS*  (T PRO'S) 

1 3720 

PUT  #1,3 

£  3740 

FOR  J7.  = 

4  TO  IND7.+3 

.  3760 

LSET  Y*  = 

MKI*  (YV7.  ( J7.-3)  ) 

1 3730 

LSET  U*  = 

MK  I  *  <  URE37.  ( J7.—3 ) 

3300 

LSET  X*  = 

MKI*  (XRES7.  (J7.-3) 

;*,  3320 

LSET  TS  = 

MKS*  (YT  i  j:;-3)  > 

13340 

PUT  #1,J7. 

,1  3360 

NEXT  J7. 

.  i  c/BO 

CLOSE  #1 

RETURN 

AS  X*, 


■:>oi 
^002 
1 0000 
•y:>Q2o 
:J>040 
10060 
,10080 
>'0 1 00 
'iO  1 20 
10140 
>>0 1 60 
ijjoiao 
1 0200 
0,0220 
£‘0240 
'  10260 
,^0280 
Jk*0290 
1*029 1 
1 0292 


10480 
./OS  00 
>*05“'0 
10540 
J  0560 
4*.' 0580 

•'*  *  0  2  ‘'7  (“) 

1 059 1 
£0592 

t  Q  ij  T  j  l  ji 
1  0620 
\£>0640 
«>'  0660 
l06S0 

I  0700 
l*  0760 
5r0770 
1 0  7“7  J. 


1 0800 


REM  PL T DVR. BAS  MODULE 

REM  #***»******##*#  #  *  *  #  #  *  *  #  *  .4  *  *  *  *  *  t  #  *  *  #  *  *  1 1 M  M  *  *  f  K.  *  *  *  *  *  *  *  #  %  *  *  *  '■  t  *  *  * 
REM 

CLS  :  LOCATE  2,31  :  PRINT  "PLOT  ME  N  U" 

LOCATE  9,25  :  PRINT  "1  —  Plot  input  ■function" 

LOCATE  11,25  j  PRINT  "2  —  Plot  state  function" 

LOCATE  13,25  :  PRINT  "3  —  Plot  output  function" 

LOCATE  15,25  :  PRINT  "4  —  Plot  DFGs" 

LOCATE  17,25  :  PRINT  "5  —  Load  results  from  file  to  plot" 

LOCATE  19,25  :  PRINT  "6  —  Exit  to  main  menu" 

LOCATE  23,20  :  PRINT  SPC(40) 

LOCATE  23,20  :  INPUT  "Enter  selection  by  number  SUBSEL". 

ON  SUBSEL7.  GOTO  10440,  10600,  10300,  10780,  10220,  5000 

SOUND  200,2  :  GOTO  10140 

CLS  :  INPUT  "Enter  results  file  name  ";RESXX$ 

GOSUB  13680  :  GOTO  10000 
REM 

CLS  ’clear  screen 

REM 

REM  *)«  ********  PLOT  OUTPUT  ********** 

REM 

REM  Output  is  to  be  saved. 

FOR  L7.  =  1  TO  I ND7. 

FPLT7.  ( L7. )  =  YV7.  ( L.7.  ) 

NEXT  L7. 

NAM7.  =  1 
LEVELS*/.  =  YMAX7. 

GOTO  10840 


REM  #***###**#  PLOT  INPUT  ##*#*****# 
REM 

REM  Input  is  to  be  saved. 

FOR  L7.  =  1  TO  IN 07. 

FPLT7.  ( L7. )  =  URES71  <  LI. ) 

NEXT  L7. 

NAM7.  =  2 
LEVELS*/.  =  MU*/. 

CODE  7.  =  CD  7. 

GOTO  10840 

REM 

R  E  M  *  *  *  % :  l  %  *  %  %  *  P  L  0  T  S  T  A  T  E  *  4  *  %  *  *  DC  i  *  * 
REM 

REM  State  is  to  be  saved. 

FOR  L  %  --  1  TO  I  ND7. 

F  p  L.  T  7.  ■  L  7. )  =  X  R  E  S  7. '  L  71 ; 

NEXT  L7. 

NAM7.  =  3 
LEVELS’-'!  =  NS  7. 

GOTO  10840 


Sh  i  ,  ■  L 


REM 
REM  1 
REM 
REM 


.  *  *  *  *  *  p !_  0  T  D  F  G  S  *  *  *  *  !•  *  -  ? 


F- >>"» \ 


•  •  *  j 

.."v 

\-S[v 

VV./i 

•Y-vv- 


r'Xj‘:A 

r.  f.  A 


■yrn 


&  y 

■>j>y 

.-WAf 

vtwC  <7 

V •■.  s 

•£>\Y 

\-\>v*i 


A  A  A 


DBG  is  to  be 
GOSUB  14300 


-  (•  (-  2  H  _ 


.■>  .•«  . 

as  v-’- j 


-v 

V-V> 

•A  .A  A 

VvV 

V,61 


v:-70 

Sscfcd 

•w* 

r. 


10S20 

SCF’EE N  0  :  b 0  1  □  1. 0 O O O  ’  set  « c  f  ee n  t 3 

W'340 

REM 

S  a  v  s  time  array  and  s  p  eci-f  ics  a  t  t  Pi  e  r  u  1 1 . 

.ADSfcO 

SPIT  =  INPUTXXT  + 

1 0880 

3P2T  =  DFGXXf  + 

Sm0  9  0  0 

SP3T  =  LF  X  XT  +  Init.  state" 

V;  ,920 

SPECST  =  SPIT  3P2T  +  SPSS 

Vo940 

FOR  LX  =  1  TO  I NDX 

10960 

T I MEPLT (LX )  =  YT ( LX ) 

£wso 

NEXT  LX 

si  oso 

RElM 

11051 

REM  *  * 

ft******  PLOT  REQUESTED  FUNCTION  * ** * * * * * * * * 

>^1  052 

REM 

^1  060 

REM 

Functions  saved  are  to  be  plotted  row. 

1  1 080 

PRINT 

.  t i i 40 

REM 

For  each  -function  to  be  plotted,  fill  z level 

-i.  1  160 

REM 

array . 

1 1 2  6  0 

FOR  KLX  =  1  TO  I NDX 

rl  1280 

VALLX  ( KLX )  -  FF'LTX  ( KLX ) 

r* *■  1 300 

T 1 M ( KLX )  =  T I MEPLT ( KLX ) 

6.1320 

NEXT  KLX 

1  1  340 

NPX  =  I NDX 

1  360 

NX  =  LEVELS*/. 

/ .  J.  3S0 

CAPTION*/.  =  NAM*/. 

1  1  400 

STAR*/.  =  CODEX 

*1420 

TP  =  TP ROC 

■  1440 

FLST  =  SPECST 

1  1460 

GOSUB  1 1 620 

.11520 

SCREEN  0  ’ screen  to  ter 

1*  •  1  580 

GOTO  10000 

•\-i600 

END 

1  1  620 

REM 

J?1630 

REM 

V1631 

REM  ** 

********  PLOTTER  FUNCTION  *********** 

1  1632 

REM 

V..L6  40 

REM 

**** SUBROUTINE  P<  OTTER* *  *  * 

^  1 660 

REM 

*T  1 680 

REM 

THIS  ROUTINE  PLOTS  OUT  A  PIECEWISE  CONSTANT  F 

1.  1 7  0  0 

REM 

RANGE.  THE  FUNCTION  IS  ASSUMED  TO  HAVE!  AT  MCE 

jv;  j.  /so 

L.  1300 
i  j  320 

%  •  ^  —  ■ 

1 330 

1  .1  830 
1  1900 

£ 

/  1  92',.' 
:!.  1 94o 


v  V  * 
.v.s> 
•r.  * . *v 

V  V 
v  v  *. 

»  »  ,  •  .> 
*■  *i/  */' 


■c  « ' T 

>>£'v 

'■>>5 

V  -v  V- 


and  L  l mo 
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V\  .' 

_ 
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..A 
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*  .*•  a  : 
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%- 

svv: 


.  *  A 

>  -«>  .A 
.*'  Vv 
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•  A  A> 
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:\'s/ 


AT  MOST  100  PIECES. 
ON  THE  AT&T . 


USES  STANDARD  H ! 


un;  i  j:  i 
V  110 
SOL!  •  I 


4  Up  !-  1  .4. 

on  graph: 


-  •/  V 


■ 

:-!-JD  “'AW 


IN  HIGH  RESOLUTION  GRAPHICS  I  HE  SCREEN  IS 
P  u  I N  T  <  0 , 0 )  I N  1  H  E  U  P  P  E  R  L  E  F  'I  H  A 1 1 0  C  0  R  i  -i  L  F  •- 
IN  1  HE  LOWER  RICH  I  .  ASSUME  I  HA  !  SHE  OhL  .'£ 
THE  FUNCTION  RUN  FROM  I  10  N,  :\  •-.  =  8.  (A  ll 
WILL  APPEAR  ALONG  PIXEL  COORDINATES 
L  .  .  ,  1  /5- J  i <JU)  .  I  I  ME  VALUES  ARE  HANui_tU  . 
EACH  TIME  FUNCTION  TO  EE  PLOTTED  WILL  Li 

— SEE  BELOW — .  THE  TIME  ARRAY  HAS  AS  11- 
T I  ME  FOR  THE  LAST  PIECE  OF  THE  I  UNC  IT:  ON. 
FOR  THE  PURPOSES  OF  THE  CL'RREM  i  DISCUSS  O 
TEAS  T  TO  CO- INC  IDE  WITH  HUP:  J.  GOT  il  Ai .  I  !.i. 


--  „v  .% 

■•V-W 

■■'.Vs1 


tf040 

REM 

552060 

REM 

KJOSO 

REM 

12100 

REM 

Efcl20 

REM 

N2140 

REM 

12.160 

REM 

'21  SO 

REM 

2200 

REM 

12220 

REM 

1  2240 

REM 

1 •'  iS  I  • 

REM 

¥2280 

REM 

12300 

REM 

**•2320 

REM 

X  2  3  4  0 

REM 

12360 

REM 

>*2330 

REM 

■  2400 

REM 

12420 

•i  22  440 

REM 

V2460 

REM 

>2480 

REM 

1 2500 

|2520 

REM 

>'•2540 

REM 

1  2560 

REM 

*.,2600 

"12620 

pL2±>40 

''.1*2680 

12700 

*•<21720 

1.2740 

L  2760 


1 2  82 0 


^2 920 
>2940 
1 2960 
,*12980 


To  —  1  Lh^I  hF’PEARS  A  I  HQKIZuNIhL  PIXEL  Vf»LUt- 
0  F  2  0  +  <  T  0  /  T  L  A  S  T  >  * 5 0 0 . 

IF  TLAST =0  THEM  THE  TIME  FUNCTION  HAS  BUT  ONE  PIE' 
CASE  REQUIRES  NO  SCALING  OF  THE  HORIZONTAL  AXIS, 
AND  IS  SPECIALLY  HANDLED  BELOW. 


CHANGES  IN  THE  TIME  FUNCTION  ARE  HANDLED  AS  FOLLOWS: 

IF  THE  FUNCTION  CHANGES  FROM  VALUE  E  TO  VALUE  J  A:  '  .  H£ 
THEN  WE  WILL  SEE  THREE  LINES  —  A  HORIZONTAL  ONE  ,-UNNI: 
VERTICAL  PIXEL  VALUE  175-K*20  UF  TO  POINT 
< 20+  ( T /TLAST )  *500,  175-K*20>  ,  A  VERTICAL  LINE  FROM  THLR.E 
TO  (2 0  +  <  T  / T L A S T  >  * 5 O 0 ,  17  5-  J  t  2 0  >  ,  A f- i D  A N U T H E R 
HORIZONTAL  LINE  RUNNING  TO  THE  RIGHT  FROM  I  HA 7  POINT. 

THE  PROGRAM  DRAWS  A  SET  OF  LABELLED  AXES  AS  WEi_L.  [HI;. 
PROCEDURE  WILL  BE  SELF-EXPLANA  TORY  IN  I  HE  CODE 

SCREEN  0  ’ SCREEN  TO  TEXT  MODE 

SET  UP  FOR  HIGH  RESOLUTION  GRAPHICS 

CLS:  SCREEN  2  :  KEY  OFF 

DETERMINE  TLAST 

TLAST  =  TIM  (NP7.) 

IF  CART  I ONX= 1  THEN  CART  =  "OUT  TUT  FUNCTION" 

IF  CAF'T 1 0N%=2  THEN  CAP*  =  "INPUT  FUNCTION" 

IF  CAPTION*/.  <>  2  GOTO  12720 
IF  START.  =  1  THEN  CAP*  =  CAP*  +  "  T " 

LOCATE  1,25  :  PRINT  CAR* 

GOTO  12840 

IF  CAF'T  I  ON  7. =3  THEN  CAP*  =  •'STATE  FUNLItuN" 

IF  CAPTION'/.  O  4  GOTO  12820 
CAP*  =  DFGXX* 

LOCATE  1,25  :  PRINT  CAP*;  !  Afc  ••  7- 6 'EJ  i.mr.F  / 

GOTO  12840 

LOCATE  i.,5:  PRINT  CAR*  ;  77  ,B  ■.  29>  RLE*;  p.  r  .;  .  1 1  <!i£  : 

DI/AW  ANE'  Li-iBEL  /— AX  I  is  i-iNL1  HmSFI  MhF'I.S 

L  I  ME  ( 20 ,  1  75 )  (2o,  1 5  • 

[F  N7.7  3  THEN  D*'.=N>.  ELSE  tA  9 

W.  =  160/ DS 

FOR  J 7.  -  l  1U  N7. 

LOCATE  ■:  175-J'UWC  .  8,  1  :  PRIl-R  USING  "44" 

L  [  N E  -18,17  5  -  J  v.  f  l-J  .  -  -  ■  2  2 ,  l  7  5  W ' .  > 


NNING  A 


1 

i'-'-J'.1 

NE  <  1 

J  v 

1 

,.s 

3040 

:• !  7  M 

3  O'C 1  j 

F  E  M 

I.'RrlW 

(•  1 N  D 

LABEL 

f-AlS.  SI 

ICE  HI..F  [ 

ITT  LhC  '•  ..  •  l.  1, 

30  SO 

REM 

OF  *0.' 

AN 

c>  •— «  - 

J  j,:.',1 

UK  FT.  FROND 

'U  !  I  Mr  '.'i  i 

..ups  uf  ■■( 

1 

3 1  00 

RE!-! 

RESPE 

ci  r 

.'EL'  WF 

WILL  P!..Q: 

VALUES  TL 

r  T  ! 

13120 

REM 

AT  PIXEL  LOG 

■l  1 40 

REM 

LOCATION  4770 

3s  160 

REM 

13180 

LINE  (20,17 

i#5200 

IF  TLA3T  - 

fi5220 

FOR  J V.  =  0 

1*7.240 

LOCATE  25,  i 

A?260 

LIME  <20+ J7. 

~r  ■“  O  /\ 

J 

NEXT 

vIS  300 

GOTO  13340 

13320 

LOCATE  25,2 

.*•3.740 
*360 
1 3380 
,V3400 


*?3780 
1 3S00 


V 

'  13980 
^4000 
L  4020 
*’4040 
i  4o&0 
•‘..40£'' 
fo  -I  :L  00 


PRINT  J'.C  l  LAST/  1' 


■'  fl  ACT  = 


13440 

LINE  < 

1.3460 

IF  NP7. 

1*3480 

FOR  37. 

■A  7  500 

LINE  •- 

1 3520 

LINE  - 

’.*-3540 

NEXT  J 

'73560 

LINE  - 

13580 

REM 

£3600 

REM 

PUT  IN 

P&620 

REM 

l" 3  6  4  0 

IF  INK 

1  3660 

END 

;• 13680 

REM 

-73690 

REM 

13691 

REM  it 

t t  t  * % %t%  L 

*3692 

REM 

C/3700 

REM 

This  sub 

1  3720 

REM 

which  ha 

^3740 

REM 

NOW  WE  DRAW  THE  WAVEFORM.  A  SINGLE  LOOP  WILL  Dl 
ALL  BUT  THE  LAST  PIECE,  WHICH  IS  DRAWN  GEPAFA VEl 
THE  NF'".=  1  CASE  IS  HANDLED  IN  A  SPECIAL  WAT. 

L I NE  ( 20 ,  1 75— VALL7. 1 1  >  ¥W7. )  -  ( 20 ,  1 75-VALLX  (  i  •  *W7.  1 


PUT  IN  ’ESC’  MECHANISM  FOR  PRINTING  AND  LOOP  BA! 


IF  DRIVE t="B"  THEN  FILE$="B:  "  +  R E S X X ■  ELSE  FILE 
I F  DR I VE*= ” b "  THEN  FILE$="B:  " +RES X X $ 

OPEN  FILET  AS  #1  LEN~ 1 0 

FIELD  #1,  2  AS  Y$,  2  AS  Uf ,  2  AS  X$f  4  hS  T$ 
Read  spec i Tics  of  the  run 


GET 

#1,1 

INPUT XX  T— "  INF' 

DH  la  X 

X  £  1 1  ljF-  G 1 1  + 

LFXX 

±~  L t~  +YT 

I ND’/. 

=  CVI  (T:p 

GET 

#1,2 

/MAX 

y.  =  cvi  (  v 

MUX 

-  CVI  NUT,1 

NS  •/. 

~  CVI (XT) 

XO  7m 

=•  CVI  (IP 

GET 

#1,3 

CD  7, 

-  I")  •  At  ■ 

T  PRO 

iC  =  CVS  (  ! 

F  0  R 

J  /.  "f  J 

V  .*  V  V.V.  S 


V-  \v  '.v  V--*  T«  r»  TTTT^CT77  "  V  »TTTT*-.',  v' 


f. 

s. 

A 


500 


'*■  4520 


>. 


1 4540 
_L  4560 
■4580 
VM600 
1  4620 
«fC|4640 
£*■4660 
1  4680 


H»4‘, 


/"  4720 
1 4740 


1.4760 

•  .  ccr  cr  -7.  rn 


1  4 1  40 

GET  #1,J7. 

M4  1 60 

VV%(.J%-3>  ~ 

r'.'l  •'  Y  t ) 

*4180 

URES7.  ( a 7.-3) 

=  CVi ' Ut ) 

1 4200 

XRES7.  ( J7.-3) 

~  CV I  X  t  > 

i,4220 

YT«J7.-3)  = 

CVS  <  7  $  ) 

>'4240 

NEXT  J7. 

"£•4260 

CLOSE  #1 

142S0 

RETURN 

-•-'4290 

REM 

'•'429 1 

REM  ** 

fc  ******:*  AD  JUS 

T  DFG  TIME  SCALE  NN*M  Hi 

1  4292 

REM 

'.4300 

REM 

This  SLibrout 

me  is  used  to  interta.ee  a  DFG  with  the 

^4320 

REM 

p  1  otti  n q  subro u t i  n e .  T h e  1 1  me  s c a  1  e  0 1  t. i  1 0  p  1  c L  m  1 1 '• .  !.;> e 

14340 

REM 

adjusted,  (u 

sually,  this  wi  i  1  mean  expanded.'  .  to  coins  1 

1  4360 

REM 

with  that  at 

the  output  tun::: tier:  which  resulted  trui  th 

v;4380 

REM 

use  ot  this 

DFG. 

^•4400 

EOF:  JP7.  =  1 

TO  SAVED  MU  7. 

1  4420 

FOR  KP7.  =  1 

TO  SAVE  ON  S'. 

>4440 

T7.  =  KXMAX/1 

(jpv  ,  !:  p;;  , 

£4460 

IF  DFGT  (T7., 

JP7. .  KF’7. ;  >  YTt  lND';)  GOTO  1454*. 

1  4480 

DFGV7.  (T7.+  1  . 

JF'7. .  KP7.)  --  DF O' <  T'".,  JR'.  .  ! 

y.-  ■ 


'::y: 


•s  -V 


DFGT  (T 7.  + 1 ,  J P 7. ,  K P 7. )  =  V I  ( 1 N D 7.  > 
GOTO  14560 
TV.  =  T7.-1 

FOR  17.  =  1  TO  T7.M 
VALL7.  ( I  % )  =  DFGV7.  v  I  % ,  J  97. ,  KP7.  '■ 
T IM(I7.)  =  D F GT  ( 1 7. ,  J P 7. ,  K P 7. ) 
NEXT  17. 


•  -  *  %  <  • 
J  *. 

■  l’  M  *  *  * 


*“  .* 


i*  «o  *. 


this 


NP7.  =  TV.  +  1 
N7.  =  SAVE  DNS  7. 

CART  I  ON 7.  =  4 
GOSUB  11620 
NEXT  KP7. 

NEXT  JP7. 

RETURN 

s  the  end  at  this  module 
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,  A  novel  collection  of  nonlinear  discrete-time  systems  is  analyzed  and  characterized  up  to 
isomorphism.  The  systems  in  question  are  autonomous  and  deterministic  and  have  the  half¬ 
open  unit  interval  [0.  1 )  as  state  space.  The  analysis  establishes  isomorphisms  between  these 
systems  and  the  members  of  an  especially  simple,  easy-to-understand.  normal-form  subclass  of 
"prototype"  systems.  The  prototypes  consist  exclusively  of  piecewise-linear  systems  with 
parallel  pieces.  The  theory  hinges  upon  a  generally  unfamiliar  but  remarkable  real  number 
representation  resembling  ordinary  binary  or  decimal  notation  but  involving  a  radix  or  base 
which  is  not  an  integer.  ‘  IMS  Academic  Press  Inc 


I.  Introduction 


The  systems  to  be  considered  here  are  discrete-time  systems  having  as  state  space 
the  half-open  unit  interval  [0,  1 )  of  the  real  line,  and  are  autonomous,  time- 
invariant,  and  deterministic,  as  well.  Thus  they  are  characterized  by  a  difference 
equation  of  the  form  xk  +  ,  =  /(.v*),  k=  0,  1.2,...,  where  /  is  a  function  mapping 
[0,  1 )  to  [0,  1 ).  We  further  require  /  to  have  the  general  form  shown  in  Fig.  1  (and 
described  precisely  in  Section  11  below). 

When  started  at  time  zero  in  an  initial  state  x0  such  systems  will  naturally 
proceed  through  an  infinite  sequence  of  states  v0,  .v,  =  f(x0).  x2  =  f(x, )  and  so  on 
(Fig.  2).  This  sequence  constitutes  the  “orbit"  of  the  system  arising  from  initial  state 
,t0.  This  paper  will  investigate  how  quantitative  aspects  of  the  orbit  change,  first  as 
.t0  is  varied  through  [0,  1 )  and  second,  as  /  itself  is  changed  (but  still  of  the  form  of 
Fig.  1 ). 

By  focussing  attention  on  a  subset  of  these  systems — the  “signature-distinct”  ones 
(see  Sect.  II) — we  shall  develop  an  isomorphic  relationship  between  these  systems 

•  This  author's  work  was  supported  in  part  by  the  U  S  Air  Force  Office  of  Scientific  Research 
(AFSC),  Contract  F49620-82C-0080. 
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Fig.  1.  A  typical  saw  function. 


and  piecewise-Iinear  systems.  This  isomorphic  relationship  will  essentially  reduce 
the  study  of  nonlinear  signature-distinct  systems  to  the  study  of  piecewise-Iinear 
prototypes  with  parallel  pieces — a  great  simplification,  since  the  latter  are  much 
more  manageable,  both  computationally  and  conceptually. 

Three  diverse  considerations  motivate  the  approach  of  the  present  paper.  The 
first  is  strictly  pragmatic:  extending  prior  research  by  the  authors  in  this  area  for 
similar  systems  having  continuous  transition  functions  [3,  4,  5].  Our  orbit  space 
here  is  much  more  intuitively  structured  and  ordered  and  the  net  result  is  a  detailed 
structure  theory  for  these  systems — an  achievement  which  we  believe  will  lead  the 
way  to  similar  results  for  more  extensive  classes  of  systems  (see  Section  VI).  The 
second  motivation  involves  demonstration  that  the  analytic  techniques  of  our 
earlier  papers  are  not  restricted  to  continuous  transition  functions  and  as  such  are 
applicable  to  systems  possessing  two  distinct  modes  of  behavior  as  in  Fig.  1.  The 
third  motivation  is  purely  mathematical:  an  old  problem  of  Ulam  [13]  asks 
whether  any  continuous  transformation  of  (0,  1 )  is  conjugate  to  a  piecewise-Iinear 
transformation  of  same.  The  results  presented  here  represent  additional  progress  on 
this  basic  mathematical  question. 


Flo.  2.  The  orbit  arising  from  a  point  x0. 
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Prior  research  in  this  area  has  employed  the  tools  of  ergodic  theory  [  1 1  ]  or  has 
restricted  itself  to  the  study  of  fixed  points  of  the  iterates  of  functions  [9,  6].  Our 
approach  here  is  deliberately  fundamental,  concentrating  on  the  isomorphism 
question  and  using  only  the  most  elementary  tools  of  mathematical  analysis.  The 
authors  are  currently  endeavoring  to  reconcile  the  more  esoteric  methods  of  system 
analysis  with  the  approach  presented  here.  The  interested  reader  should  consult  the 
monograph  of  Collet  and  Eckmann  [  1  ]  for  a  good  overview  of  current  work  in  this 
dynamic  field,  as  well  as  the  now  “classic”  papers  of  Li  and  Yorke  [7]  and  May 
[8], 

II.  Saw  Functions.  Signatures,  and  Fundamental  Results 


-r,s.yy 

>  \> 


We  propose  to  investigate  the  behavior  of  1 -dimensional  autonomous  discrete¬ 
time  systems  possessing  saw  functions  for  their  transition  maps.  These  functions 
have  the  sawtooth  form  illustrated  in  Fig.  1  and  are  formally  defined  as  follows: 


v 

■ .' 

« ^  -  *  .  •?.  * 
V,  .*  V  ", 


Definition  1.  A  function  /:  [0,  l)-»  [0,  1)  is  a  saw  function  iff  there  exists  a 
point  b  in  (0,  1 )  such  that  the  following  three  conditions  hold: 

(a)  /is  continuous  and  strictly  monotone  increasing  on  each  of  the  intervals 
[0,  b)  and  [ft, 1 ), 

(b)  /(0)  =  0  and  /(ft)  =  0, 

(c)  the  limit  of  /(x)  as  x  approaches  b  from  the  left  is  I  and  the  limit  of  f(x) 
as  x  approaches  1  from  the  left  is  some  quantity  c  in  (0,  1  ]. 

Note  that  NO  assumption  of  differentiability,  linearity,  or  convexity  is  placed 
upon  any  part  of  /  The  point  b  will  be  called  the  “breakpoint”  of  / 

Definition  2.  Two  saw  functions  /  and  g  are  said  to  be  isomorphic  iff  there 
exists  a  (necessarily  strictly  monotone  increasing)  homeomorphism 
h:  [0,  1 )  -»  [0,  1 )  such  that  / = hgh  ~  ’,  where  h  ' 1  denotes  the  inverse  of  h. 

The  isomorphism  of  two  saw  functions  /  and  g  immediately  implies  that  the 
autonomous  discrete-time  systems  they  define  are  essentially  the  same  as  regards 
iterative,  order-theoretic,  and  topological  properties.  The  following  further 
definitions  are  fundamental  in  pursuing  this  line  of  thought. 

Definition  3.  Given  an  arbitrary  function  /  denote  by  /*,  k-  1,2,3,...,  the 
fc-fold  composition  fk(x)  =  /(/( •  ■  /(x)  • •  •  )).  Take  /°(x)  -  x.  The  function  /*  will 
be  called  the  fcth-iterate  of  / 

Definition  4.  Let  /  be  an  arbitrary  saw  function  and  let  x  be  a  point  in  [0, 1 ). 
Define  the  orbit  of  x  under  /,  denoted  by  orb^fx),  to  be  the  infinite  sequence  of  real 
numbers  x0x, ...,  where  x*  =  /*(x),  for  k  -  0,  1,....  Define  the  signature  of  x  under  /, 
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denoted  by  sig/fx),  to  be  the  infinite  binary  sequence  j0j,..v where  j*  =  0  if  xt  is  in 
[0,  b)  and  s*  =  1  if  xk  is  in  [£>,  1 ). 

Thus  sig^jc)  is  a  simple  2-level  quantization  of  orb/fx)  which  serves  to  indicate  to 
which  of  the  two  subintervals  [0,  b )  or  [6,  1 )  each  xk  belongs.  The  analysis  below 
will  demonstrate  that  signatures  are  more  useful  in  understanding  the  orbital 
behavior  of  /  than  are  the  orbits  themselves;  the  superabundance  of  exact  quan¬ 
titative  information  in  orbits  obscures  the  intrinsic,  coordinate-system-independent 
structural  information  which  signatures  expose! 

The  following  theorem,  although  fundamental,  is  straightforward  and  its  proof  is 
omitted. 

Theorem  1.  Let  h:  [0,  l)-»  [0,  1 )  be  a  homeomorphism  and  f  a  saw  function 
with  breakpoint  b.  If  g  is  the  function  defined  by  g  =  hfh  ~ '  then  g  is  also  a  saw 
function ,  with  breakpoint  h(b)  and ,  for  all  x  in  [0,  1 ),  sig/f.r)  =  sig,(/i(.t)). 

Definition  5.  For  any  saw  function  /  define  the  orbit  repertoire  of  /,  denoted 
as  OR/,  as  the  set  {orb/(jr)  |  x  is  in  [0,  1  )}and  define  the  signature  repertoire  of  /, 
SR/,  as  {sig/fx)  1  x  is  in  [0,  1 )}. 

Corollary.  If  g  =  hfh~\  as  in  Theorem  1,  then  SR/  =  SR)f. 

Note.  If  g  =  hfh  ~ 1  as  in  Theorem  1  it  is  manifest  that  for  corresponding  points  x 
and  h(x),  orbf(x)  can  differ  arbitrarily  from  orbx(h(x)),  whereas  the  signatures  have 
been  shown  to  be  identical.  This  illustrates  our  earlier  remark  about  the  invariance 
of  signatures  under  a  “change  of  coordinates.” 

Definition  6.  Let  S  denote  the  set  of  all  infinite  binary  sequences  50s,  5, .... 
Consider  S  to  be  ordered  lexicographically  and  let  “<”  denote  this  ordering.  That 
is,  s  =  r0  s,  s2  ...</*  f0  /t  i2 ...  if  they  are  not  identical  and  if.  setting  k  to  be  the  first 
position  in  which  they  differ,  j*  =  0  and  tk  -  1.  Use  <  to  define  intervals  (5.  t). 
[j,  /),  (j,  /],  and  [j,  r]  in  the  usual  fashion.  Consider  all  possible  open  intervals 
(j.  r),  together  with  the  “semi-infinite"  intervals  (/ 1  t  <s}  and  {/ 1  /  >r }  as  defining 
a  topology  TOP  on  5. 

The  reader’s  familiarity  with  the  following  mathematical  properties  of  S.  <,  and 
TOP  is  assumed: 

(a)  5  is  uncountable 

(b)  <  really  is  an  order  relation 

(c)  <  is  a  total  order  on  5 

(d)  S  contains  a  least  element,  000...,  and  a  greatest  element.  111... 

(e)  given  any  subset  T  of  5,  there  exists  a  unique  element  of  S  serving  as 
sup(7")  (provided  of  course  that  T  is  non-empty) 

(f)  similarly  inf(  T )  always  exists,  if  T  is  non-empty 
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(g)  the  topology  TOP  is  a  standard  one  on  totally  ordered  sets  known  as  the 
“order  topology” 

(h)  in  TOP  a  sequence  s'  of  elements  of  S  converges  to  s  in  S  iff  for  each  k 
the  sequence  of  Jfcth  terms  of  the  s'  becomes  eventually  constant,  with  value  equal  to 
the  kth  term  of  s 

(i)  S  is  not  homeomorphic  to  [0, 1]  owing  to  the  presence  of  gaps  in  the 
order:  there  are  no  elements  of  S  between  each  pair  of  elements  of  the  form  s0  s, ... 
sk  0  1  1  1  and  s0  s, ...  s*  10  00 .... 

Since  signatures  are  infinite  binary  sequences  themselves  we  will  consider  them  as 
elements  of  S.  The  significance  of  the  <  order  thus  placed  on  signatures  will  be 
explained  by  the  next  theorem;  the  significance  of  the  topology  will  become  evident 
in  Section  III. 

Definition  7.  For  s  in  S,  s  =  s0s,  s2 ...,  define  for  Ar  ^  I  the  sequence  lop*(s)  to 
be  the  sequence  sk  sk  + , ....  obtained  by  lopping  off  and  throwing  away  the  first  k 
terms  of  s.  Define  lop(s)  to  be  lop‘(s).  Define  lop°(s)  to  be  s. 

The  following  obvious  property  will  be  referred  to  as  the  “mapping  property”  for 
signatures  and  will  be  useful  throughout  the  sequel: 

sig/(/*(x))  =  lop*(sig/fx))  for  all  k>0 

Definition  8.  Given  an  arbitrary  saw  function  /  with  breakpoint  b  define  f0  as 
the  function  obtained  by  restricting  /  to  [0,  b )  and  define  /,  as  the  function 
obtained  by  restricting  /  to  [ b ,  1 ).  Note  that  f0  and  /,  are  both  strictly  monotone 
increasing  on  their  respective  domains. 

Theorem  2  (Monotonicity  of  signatures  property).  Let  a  fixed  saw  function  f 
be  given.  For  arbitrary  points  x  and  y  in  [0,  1 ),  x<  y,  it  is  always  the  case  that 
sig/jc)  Jgsig^y). 

Proof.  Recall  the  above  definition  of  f0  and  /, .  Given  an  arbitrary  point  r  in 
[0,  1)  with  orby{r)  =  r0r,  r2 ....  and  sigr(r)  =  »0  H  i  *'2 ...,  we  have  the  general  for¬ 
mula 

2*  =/*(^)  =/wl.|/wl_2  —  /»!)(*)> 

since  the  signature  of  r  tells  us  which  “partial"  function  /0  or  /,  to  use  in  calculating 
r,+  1  from  z„  for  1  =  0,  1,.... 

Now  consider  the  given  points  .r  and  v.  If  sig^jr)  =  sig/fy)  we  are  done.  If  the 
signatures  differ  set  sigy< jc)  =  s0  s,  s2 ....  sigr(y)  =  t0  t ,...,  and  let  k  be  the  least  index 
for  which  they  differ.  If  k  ^  1  then  apply  the  above  formula  to  conclude  that 
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by  the  definition  of  k.  The  functional  composition  common  to  the  right-hand  sides 
of  these  expressions  is  a  strictly  monotone  increasing  function,  being  the  com¬ 
position  of  such,  so  x  <  y  implies  /*(x)  <  fk(y).  Note  that  this  is  true  even  if  k  =  0. 
Hence  in  all  cases  the  statement  “ sk  not  equal  to  tk"  can  be  valid  only  if  sk<tk. 
Thus  sig^x)  <  sig/y)  by  the  definition  of  the  <  order  on  signatures. 

Hence  in  all  cases  we  have  sig/fx)  ^  sig/f.y).  Q.E.D. 

The  monotonicity  of  signatures  property  shows  that  the  order  in  which  a  saw 
function  assumes  its  signatures  is  pre-determined.  This  simple  regularity  will  be 
exploited  throughout  the  remainder  of  the  paper.  The  remainder  of  this  section  dis¬ 
cusses  a  number  of  corollaries  to  Theorem  2.  Most  of  the  proofs  are  straightforward 
and  will  be  omitted  for  lack  of  space. 

MoNOTONicmr  Corollary  1.  Given  a  saw  function  f  the  following  are  all 
equivalent  formulations  of  the  Monotonicity  of  Signatures  Principle: 

(a)  sigy-:  [0,  1]  -*  S  is  a  (generally  non-st rictly)  monotone  increasing  map 

(b)  if  sig,ix)  >  sig f(y)  then  x  >  y 

(c)  it  is  impossible  to  have  x  <  y  and  sigyfx)  >  sig^y)  simultaneously. 

It  is  important  to  understand  that  one  cannot  in  general  strengthen  the  statement 
of  Theorem  2  to  read  “x  <  y  implies  sig^x)  <  sig^f  v ).”  The  following  discussion  will 
address  this  latter  point. 

Definition  9.  A  saw  function  /  is  said  to  signature-distinct  if  and  only  if  for  all 
x  and  y  in  [0,  1 ),  x  not  equal  to  y  implies  sig/x)  not  equal  to  sig/>  ). 

Figure  3  establishes  the  existence  of  saw  functions  that  are  not  signature-distinct: 
the  shaded  x-axis  interval  sits  entirely  to  the  left  of  the  breakpoint  b  and  maps  into 
itself  under  the  action  of  the  saw  function  shown.  Hence  all  points  of  the  shaded 
interval  have  signature  000 ... . 


Fig  3.  A  saw  function  which  is  not  signature-distinct. 
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Definition  10.  For  any  saw  function  /  and  any  sequence  s  in  S,  define  Pfis)  to 
be  the  set  of  points  x  in  [0,  1 )  for  which  sig/<A)  =  s. 

Monotonicity  Corollary  2.  For  any  saw  function  f  and  any  s  in  S,  pfs)  is 
either  empty ,  a  single  point  or  an  interval. 

In  the  next  corollary  we  do  indeed  establish  the  existence  of  a  wide  class  of 
signature-distinct  saw  functions: 

Definition  11.  Let  /  be  a  given  saw  function,  f0,  /,  as  in  Definition  8.  Define 
F0  on  domain  [0,6]  by  setting  F0(6)  =  1;  F0(x)~f0(x)  for  x  in  [0,6).  Similarly 
define  F,  on  domain  [6,  1  ]  by  defining  F,(l)  =  c,  F,(x)  =  /,(*)  for  x  in  [6,  1 ).  We 
say  /  is  piecewise  strictly  expansive  (pse)  if  and  only  if  F0  and  F,  are  strictly  expan¬ 
sive  in  their  actions,  i.e.,  for  arbitrary  x  and  v  in  the  domain  of  F0.  |F0(.x>- 
F0(y)|  >  \x-  yl  and  similarly  for  F,. 

Monotonicity  Corollary  3.  If  a  saw  function  is  pse  it  is  signature-distinct. 

Proof  by  contradiction.  Assume  that  s  =  j0s,s2...  is  a  signature  under  /  for 
which  Pf{s)  is  an  interval  of  positive  length.  Observe  that  for  all  i^O  by  the  map¬ 
ping  property  for  signatures,  F^p/Oop'fr)))  is  a  subset  of  p/lop'*  '(s)).  By  the 
expansive  nature  of  F0  and  F,  then  we  conclude  that  0  <  length  pfs)< 
length  p^lopfs))  <  length  p/lop^s))  <  .... 

Two  subcases  arise:  if  all  the  signatures  lop'(s)  are  different  from  each  other,  and 
from  r,  then  all  of  the  intervals  in  the  inequality  chain  above  are  disjoint,  so  that 
the  sum  of  all  of  their  lengths  must  be  at  most  1.  Yet  the  sequence  of  lengths  is 
increasing— contradiction.  So  it  must  be  that  lop'(s)  =  lop'(s)  for  some  i  and  j.  In 
this  situation  we  would  have  equality  of  lengths,  contradicting  the  inequality  of 
lengths  noted  above. 

The  only  conclusion:  Pjis)  is  never  an  interval  of  positive  length,  i.e.,  each 
signature  produced  by  /  arises  at  but  one  point.  Q.E.D. 

The  following  corollary  is  a  partial  converse  to  the  corollary  to  Theorem  1 ;  it  is 
given  without  proof. 

Monotonicity  Corollary  4.  Suppose  that  f  and  g  are  saw  functions  with 
SRf  =  SRt  and  suppose  that  g  is  signature-distinct.  The  function  h:  [0,1)-*  [0,  1) 
defined  by  h{x)  =  the  unique  y  in  [0,  1 )  for  which  sig,(  .v)  =  sigyjx)  has  the  following 
properties: 

(a)  6(0)  =  0,  h(breakpoint  of  f  )  =  breakpoint  of  g 

(b)  h  is  monotone  increasing 

(c)  6  is  onto  [0,  1 ) 

(d)  6  is  continuous 
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(e)  h  is  a  homeomorphism  iff  f  is  signature-distinct 

(f)  hf  -  gh\  if  f  is  signature-distinct,  g  =  hfh~'. 

This  naturally  leads  to: 

THEOREM  3.  Let  f  and  g  be  signature-distinct  saws.  We  have  SRf  =  SR,  iff  f  and 
g  are  isomorphic. 

Proof.  By  the  corollary  to  Theorem  1  and  Monotonicity  Corollary  4.  Q.E.D. 

In  summary  the  simple  concept  of  signature  repertoire  contains  enough  infor¬ 
mation  to  determine  the  isomorphism  class  of  signature-distinct  saw  functions  in  an 
instrinsic  fashion.  Consequently  it  behooves  us  to  understand  more  thoroughly  the 
content  and  structure  of  signature  repertoires.  This  is  the  central  topic  of  the  next 
section. 

III.  Extended  Saws 

Motivated  by  the  desire  to  determine  the  content  and  structure  of  arbitrary  saw 
functions'  signature  repertoires  we  hereby  introduce  a  modified  class  of  transition 
mappings  (the  class  of  extended  saws)  for  which  this  determination  can  be  carried 
out  with  minimal  technical  difficulty.  Once  the  determination  has  been  made  (in 
Subsection  B  below)  we  shall  return  to  derive  analogous  results  for  signature-dis¬ 
tinct  ordinary  saw  functions  (in  Subsection  C ).  The  latter  development  will  lean 
heavily  on  extended  saw  theory.  The  authors  know  no  shorter  path. 

As  their  definitions  will  instantly  reveal,  extended  saws  are  not  really  functions  in 
the  modem  mathematical  sense  of  the  word,  because  they  are  multiply-defined  at 
one  point  b  of  their  domain  [0,  1  ].  Strictly  speaking,  extended  saws  are  relations 
between  [0,  1  ]  and  itself.  Unfortunately,  the  rigorous  “relation”  terminology 
obscures  the  more  pertinent  understanding  that  extended  saws  are  but  another  way 
of  dealing  with  the  discontinuity  in  the  graph  of  a  function.  We  will  sidestep  this 
terminological  issue  in  what  follows  by  simply  using  the  term  “extended  saws,"  as 
opposed  to  “extended  saw  functions”  or  “saw  relations.” 

A.  Elementary  Material 

The  following  paragraphs  introduce  extended  saws,  oibits,  and  signatures  in  a 
fashion  analogous  to  the  definitions  for  ordinary  saw  functions  given  in  the 
previous  section.  By  reason  of  said  analogy  many  of  the  straightforward  proofs 
below  are  omitted  for  the  sake  of  brevity. 

Definition  12.  An  extended  saw  F  is  a  multiple-valued  mapping  from  [0,  1  ]  to 
[0,  1  ]  having  the  following  properties: 

(a)  the  multiple-valuedness  occurs  at  a  single  point  b  in  (0,  1),  where  F[b)  is 
both  0  and  1.  We  shall  call  b  the  breakpoint  of  F. 
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Fig.  4.  An  extended  saw. 


(b)  F  restricted  to  [0,  b)  is  continuous,  strictly  monotone  increasing,  and 
onto  [0,  1 ). 

(c)  F  restricted  to  (b,  1]  is  continuous,  strictly  monotone  increasing,  and 
onto  (0,  c]  for  some  c  obeying  0  <  c  <  1. 

Figure  4  shows  the  graph  of  a  typical  extended  saw.  Clearly  given  an  ordinary 
saw  function  /  an  extended  saw  results  by  annexing  the  points  ( b ,  1)  and  (1,  c)  to 
the  graph  of  /  and  all  possible  extended  saws  arise  in  this  fashion.  If  /  is  a  saw  and 
Fan  extended  saw  so  derived,  we  call  Fthe  extension  of  /  and  /  the  underlying  saw 
of  F.  Referring  to  Definition  11,  note  that  F0  and  F,  represent  the  left  and  right 
halves  of  F  and  that  each  function  is  strictly  monotone  increasing  on  its  domain. 

Definition  13.  Let  F  be  an  arbitrary  extended  saw,  x  in  [0,1].  Define 
x0x,x2 ...  (where  x,  in  [0,  1  ]  for  all  /),  to  be  an  orbit  for  x  under  F  iff  x0  =  x  and 
xI  +  1  =  F(x,)  for  all  i.  Note  that  if  x,  =  b  then  xi+1  can  be  either  0  or  1,  so  some 
points  x  have  more  than  one  orbit  under  this  definition.  Writing  orb^x)  as  the  set 
of  all  possible  orbits  of  x,  we  say  x  is  regular  if  orb^x)  is  a  singleton  set;  otherwise 
we  call  x  irregular. 

All  irregular  points  are  representable  as  F~*(b)  for  some  nonnegative  integer  k. 
Since  F~k(b)  contains  at  most  2 **k  elements,  the  totality  of  irregular  points  for  a 
given  Fis  finite  or  countably  infinite.  In  fact,  as  a  moment’s  thought  will  reveal,  it  is 
countably  infinite. 

Definition  14.  Let  F,  x  be  as  above,  and  let  x0x,  x2 ...  be  an  orbit  for  x.  The 
signature  of  x  associated  with  this  orbit  is  the  binary  sequence  j0s,  ...,  for  which 
st  =  0  if  x,  <  b;  s, ,  =  1  if  x,  >  b  and  if  x,  =  b  then  s,  =  0  if  x,  + ,  =  1,  s,  =  1  if  x,  +  ,  =  0. 

Defining  sig^x)  as  the  set  of  signatures  of  x  so  associated  with  the  elements  of 
orbf(x)  we  note  the  following  relationship  with  extended  saw  signatures  and 
ordinary  saw  function  signatures:  Let  /  be  an  ordinary  saw  function  and  let  F  be  its 
extension.  For  any  x  in  [0,  1),  sig/fx)  is  an  element  of  sig^(x).  If  orb^x)  includes  b. 
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however,  then  sig,(x)  contains  additional  signatures  corresponding  to  the  extra 
orbit(s)  arising  from  the  point  b. 

Theorem  4  (Monotonicity  of  signatures  for  extended  saws).  Let  F  be  an 
arbitrary  extended  saw,  x  and  v  points  in  [0,  I].  Let  s0sts2 ...  be  an  element  of 
sig,(x),  /0  / 1  t2 ...  an  element  of  sig^v).  Then  x  <  y  implies  s0s ,  s2 ...  $  r0  t2 .... 

Definition  15.  The  signature  repertoire  SR,  of  an  extended  saw  F  is  the  set 
{j  I  s  is  in  sig,(x)  for  some  x  in  [0,  1]}.  For  any  s  in  S  (Definition  6)  the  set  Pf(s) 
is  equal  to  {x  |  x  in  [0,  1]  and  s  is  in  sig,(x)}. 

The  above  definitions  are  a  straightforward  generalization  of  those  of  the 
preceding  section.  Note  that  an  immediate  consequence  of  Theorem  4  is  that,  for 
any  s,  p^s)  is  an  interval.  It  is  non-empty  iff  s  is  in  SRr. 

B.  Topological  Considerations 

The  purpose  of  the  above  discussion  has  been  to  introduce  extended  saws  on  an 
equal  footing  with  their  ordinary  saw  counterparts.  Recalling  that  the  ultimate  pur¬ 
pose  of  this  introduction  was  to  expedite  analysis  of  signature  repertoire  content, 
we  now  proceed  to  derive  a  fundamental  result:  SR,  is  completely  determined  by 
sig^l)!  The  demonstration  proceeds  in  two  stages,  (a)  showing  that  the  initial  por¬ 
tions  of  strings  in  SR,  are  determined  by  sig^l ).  and  (b)  showing  that  initial-por¬ 
tion  repertoires  determine  SR,  via  a  limiting  process.  Some  uniformity  of  notation 
is  called  for: 

Definition  16.  Let  S*  denote  the  set  of  all  length  k  strings  of  Os  and  Is;  S*  thus 
contains  2*  members.  Given  s  in  S  let  j[0,  k )  denote  the  k- bit  string  s0  s,  ...  sk . ,, 
k  >0.  Similarly  define  s[0,  k ]  to  include  sk.  Given  an  extended  saw  F  and  a  point  x 
in  [0,  1  ],  define  the  /c-signatures  of  x,  sig*(x)  via  sig£(x)  *  {s[0,  k)  \  s  is  in  sig^x) }. 
Let  SR£,  the  fc-signature  repertoire  of  F,  denote  all  length  k  strings  which  arise  in 
this  fashion.  Thus  SR£  is  a  set  of  strings,  analogous  to  SR,.  If  5  is  a  string  of  length 
k  or  greater,  let  p)(s)  denote  the  set  of  all  x  such  that  $[0,  k)  is  in  sigj^x).  Note  that 
pkf{s)  is  empty  iff  s[0,  k)  is  not  in  SR^.  View  S*  as  lexicographically  ordered  by  < 
as  S  is. 

Lemma  1.  For  any  extended  saw  F  and  any  x  in  [0,  1  ],  sig^x)  is  closed  as  a  sub¬ 
set  of  S  in  the  topology  TOP  (Definition  6). 

Proof.  Choose  any  sequence  of  signatures  s'  in  sig^x)  which  coverges  in  TOP 
to  some  sequence  s  in  5.  If  s  is  not  in  sig^x)  then  it  fails  to  be  a  signature  for  x  due 
to  a  fault  in  its  first  k  terms,  for  some  value  of  k.  By  the  nature  of  covergence  in 
TOP,  then,  for  i  sufficiently  large,  the  s'  themselves  are  not  signatures  of  x.  Con¬ 
tradiction.  So  s  is  in  sig^x).  Q.E.D. 

By  virtue  of  Lemma  1,  we  can  make  the  following  definitions: 
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Definition  17.  Denote  sup(sig^x))  by  rs^x),  called  the  right  signature  of  x , 
and  denote  inf(sig^(x))  by  ls^fx),  the  left  signature  of  x.  By  Lemma  1,  rs^x)  and 
ls^x)  are  in  sig^x). 

Note  that  if  x  is  regular,  it  must  be  that  sig^x)  =  (ls^x)}  =  (rs^x)}.  Further¬ 
more,  the  above  “lopping  properties"  hold  for  left  and  right  signatures: 

lop(rSf(x))  =  rs^F(x))  for  x  not  equal  to  b, 

lop(lsf(x))  =  ls/r(F'(x))  for  x  not  equal  to  b, 

lop(rs^))  =  0000 .... 

lop(M*))  =  M  11- 

Note  that  s  and  /  in  5  with  implies  j[0, k)^ /[0,  k).  The  principle  of 
monotonicity  of  ^-signatures  immediately  follows:  s  in  sig^x)  and  t  in  sig^y)  and 
x  <  y  implies  s  ^  t.  It  is  immediate  that  if  x  and  v  share  a  ^-signature  s  then  every  r 
between  x  and  y  must  share  this  signature  and  this  be  the  only  signature  for  r. 
Hence  for  any  s  in  SR£  is  an  interval.  In  fact,  it  is  a  closed  interval,  as  the 
following  lemma  demonstrates.  We  omit  its  straightforward  proof  which  simply 
relies  upon  the  closedness  of  the  intervals  [0,  6]  and  [6,  1  ]. 

Lemma  2.  For  any  s  in  SR£  the  point  set  p^s )  is  a  closed  subset  of  [0,  1  ]. 

Proof.  The  proof  is  straightforward  and  is  omitted. 

What  is  the  relationship  between  the  and  p^r)? 

Lemma  3.  pAs)  =  {x  |  x  is  in  pj^r)  for  all  k)  for  any  s  in  SRf,  i.e.,  Pf(s)  is  the 
intersection  over  k  of  the  pkf{s  ). 

Proof.  From  basic  definitions  it  is  clear  that  for  any  s  and  for  any  k.  pfs)  is  a 
subset  of  pkf{s).  Conversely,  suppose  that  x  is  in  p^r)  for  all  values  of  k.  for  a  given 
s.  Then  there  must  exist  a  sequence  of  elements  of  sig^x)  s',  s2.  j\...,  for  which 
j'[0,  /)  agrees  with  s[0,  /)  for  all  i.  But  this  means  that  in  the  topology  TOP,  {j'J 
converges  to  r.  Since  sig^fx)  is  closed  (Lemma  1 )  it  must  be  the  case  then  that  s  is 
in  sig/^x)  too,  i.e.,  x  is  in  Pf(s).  Q.E.D. 

Corollary.  pAs)  «  a  closed  interval. 

Note.  Any  function  g  defined  on  points  x  may  be  extended  to  a  function  g 
defined  on  sets  of  points  X  by  writing  g(Af)  =  {g(x)  |  x  is  in  X  and  x  is  in  the 
domain  of  g}.  We  shall  use  this  convention  below  in  referring  to  sets  F„(AQ  and 
for  various  subsets  X  of  [0,  1],  We  similarly  will  talk  about  sig^JO  and 
sigJfA')  for  subsets  X  of  [0,  1  ]  and  to  simplify  notation  will  write  g[p ,  q ]  instead  of 
g([p,  qj)  when  the  sets  X  in  qu  stion  are  intervals. 

The  next  Lemma  shows  how  (k  +  1  )-signatures  are  related  to  ^-signatures;  its 
proof  is  straightforward  and  is  omitted. 
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Lemma  4.  For  any  subset  X  of  [0,  1  ],  and  k  >  1 

sig*  +  ,(r)  =  0  sig^/-o(^))u  IsigXFJX)), 

where  the  dots  denote  string  concatenation. 

We  also  omit  the  proof  of 

Lemma  5.  Given  arbitrary  x  and  y  obeying  0  <  x  $  y  ^  1 ,  for  any  k  >  1, 
sig*[x,  y]  =  SR*  a  [ls*<.x),  rs*(y)], 

where  a  denotes  intersection,  and  the  closed  interval  shown  is  an  interval  in  Sk. 

The  Recursion  Theorem 

All  of  the  above  culminates  in  what  may  be  regarded  as  one  of  the  fundamental 
results  of  this  paper. 

Theorem  5  (Recursion  theorem).  Let  F  be  an  arbitrary  extended  saw.  Then  for 
allk^Q 

SR*/ 1  =  (0  •  SR/ u(l-SR'fA  [10*,  rs* *  *(1)3) 

Proof.  Recalling  that  f(l)  =  cwe  have 

SR/1  =  sig/  '[0,  1]  (by  definition) 

=  0  •  sig£fFo[0,  1  ] )  u  1  sig^F,  [0.  1  ] )  (by  Lemma  4) 

=  0  •  sig/0,  l]ul  •  sig/0,  c]  (by  direct  calculation) 

=  0  (SR*  a  [ls*(0),rs*<l)]) 

u  1  ■  (SF^  a  [ls/0),  rs/c)])  (by  Lemma  5). 

Since  SR^  is  a  subset  of  [is/0),  rs/1 )]  we  thus  have 

SR/'=0  SR*ful  (SR‘fa  [ls/0),  rs/c)]) 

=  (0  SR*)u(l  SR*  a  [10*.  rs/'U)]) 

(by  direct  calculation).  Q.E.D. 

We  always  have,  or  course,  that  SR)r=  {0,  1};  by  mathematical  induction 
employing  the  recursion  of  Theorem  5,  then,  it  follows  that  all  finite  length 
signatures  (initial  portions  of  elements  of  SR/  are  determined  by  rs/  1 )  (and  hence 
by  sigf(l)).  It  will  now  be  demonstrated  that  SRf  itself  is  determined  by  sig^(  1 ) 
(Theorems  6  and  7. ) 
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Definition  18.  Given  any  sequence  7*  of  subsets  of  5*  define  lim  7*  to  be  the 
subset  T  of  S  such  that  /  is  in  T  iff  t[0,  k)  is  in  T*  for  every  k. 

Theorem  6.  SR,  =  limSR£. 

Proof.  Clearly  SR ,  is  a  subset  of  lim  SRkr,  for  if  s  is  in  SR,  then  for  all  k ,  r[0,  k ) 
is  in  SR£  by  the  definition  of  SRJr.  Conversely,  suppose  that  s  is  in  lim  SR^.  Then 
j[0,  k)  is  in  SR£  for  all  k,  and  thus,  for  all  k,  p^s)  is  non-empty.  By  Lemma  3,  p^s) 
is  the  intersection  of  p^s),  which  themselves  form  a  nested  sequence  of  closed  inter¬ 
vals.  By  elementary  analysis,  then,  p^s)  is  non-empty.  Hence,  s  is  in  SR,.  Q.E.D. 

Finally,  we  have  the  following  string-theoretic  criterion  for  membership  in  SR,, 
based  entirely  upon  rs^l). 

Theorem  7.  Let  F  be  an  arbitrary  extended  saw.  Then 
SR,  =  { s  lop*(j)«  rs^l)  for  all  *}. 

Proof.  If  j  is  in  SR,  then  for  all  k.  lop* (5 )  is  in  SR,,  rs^l )  is  the  maximal  mem¬ 
ber  of  SR,  by  monotomcity  of  signatures  Conversely,  we  use  a  method  attributable 
to  Kwankam  [6] 

Given  s  in  S  with  lop*(s|  ^  rs^  1 1  for  ail  k.  we  must  show  that  s  is  in  SR,.  By 
Theorem  6  it  suffices  to  show  that  r[0.  * )  is  in  SR*,  for  all  k.  We  do  so  by  induction 
on  k.  We  find  it  easier  to  prove  by  induction  a  more  general  result.  Letting 
s[fj  +  k]  denote  the  finite  sequence  s,  s,, ,  s,.t.  it  will  be  shown  by  induction 

on  k  that  s[j,j  +  k]  is  in  SRJ,"  1  for  j  =  0,  !,  2 . That  is.  we  shall  establish  that  all 

contiguous  length  (k  +  I )  substrings  of  j  are  (*  +  1  (-signatures  of  F,  rather  than  just 
concentrating  on  initial  substrings  only. 

Basis:  for  /c  =  0,  s[j,j  +  k]  is  either  0  or  1.  but  SR^=  {0.  1}. 

Induction  step:  Assume  that  s[i,  »'  +  *]  is  a  [k  +  1  (-signature  for  all  i.  Consider 
for  a  given  j,  s[j ,  j  +  k  +  1  ].  Applying  the  recursion  theorem  we  argue  as  follows:  if 
s[j,j+k+  1]  arises  from  s[j  +  I ,j+k+  1]  by  prefixing  a  0.  it  is  immediate  that 
s[j,  j  +  k  +  1  ]  is  a  (k  +  2 (-signature.  If  it  arises  from  +  1,  j  +  k  +  1  ]  by  prefixing 
a  1  then  we  note  that  it  will  be  a  (k  +  2 (-signature  if  it  is  ^  rs‘,* :( 1 ).  But  this  is  true 
from  our  theorem  hypothesis,  since  lop'(s)  ^  rs,j  1 ).  Q.E.D. 

C.  The  Signature- Distinct  Case 

The  general  results  of  the  previous  two  subsections  will  be  applied  here  to 
produce  a  detailed  theory  of  signature  repertory  content  for  signature-distinct  saw 
functions.  In  particular  a  theorem  for  determining  signature  repertoire  content 
analogous  to  Theorem  7  will  be  established.  Most  of  the  results  on  signature-dis¬ 
tinct  saw  functions  /  recorded  here  will  be  derived  from  properties  of  the  extension 
Fof  f.  Accordingly  we  will  cite  some  results  relating  the  two  (F  and  /)  in  greater 
detail.  The  proofs  are  straightforward  and  are  omitted. 
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Lemma  6.  Let  f  be  an  arbitrary  saw  and  F  its  extension: 

(a)  Let  x0  x,  x2 ...  be  an  F-orbit.  Then  x0  x,  x2  ...  is  an  f-orbit  iff  no  x,  is  equal 

to  1. 

(b)  Let  x0  x,  x2 ...  be  an  F-orbit  and  s0  j,  s2 ...  the  corresponding  F-signature.  If 
x0  x,  x2 ...  is  also  an  f-orbit ,  then  s0  j,  j2 ...  is  also  an  f-signature  (and  is  the  signature 
associated  with  this  orbit). 

(c)  If  s0st  s2 ...  is  an  f-signature  {of  the  point  x,  jay)  then  j0  j,  J2 ...  =  rsA-(x). 


Definition  19.  An  extended  saw  F  is  said  to  be  signature-distinct  iff  whenever  x 
is  different  from  y  then  sig^x)  and  sig^y)  are  disjoint. 

Lemma  7.  Let  f  be  an  arbitrary  saw  function  and  F  its  extension.  Then  f  is 
signature-distinct  iff  F  is. 


.  A'V 
■  >  V* 
\>.V’ 


Theorem  8.  (Discriminant  theorem).  Let  f  be  a  signature-distinct  saw  function 
and  let  F  be  its  extension.  Then 


SR/=  Jj  |  lop*(j)  <  Ml )  for  all  k  >0}. 

Proof.  Let  T  denote  the  set  of  strings  on  the  right  of  the  above  equation.  We 
first  show  that  SR r  is  a  subset  of  T.  If  s  is  in  SR,  then  there  exists  an  x  in  [0.  1 ) 
such  that  j  =  rs^(x),  by  Lemma  6.  We  know  that  /*(x)<l  for  all  k.  Hence  by 
monotonicity,  lop*(j)  ^  M  • )  for  all  k.  Since  F  is  signature-distinct  (Lemma  7)  and 
x<  1,  it  follows  that  lop*(j)< Ml )  for  all  k.  Hence  SRr  is  a  subset  of  T. 

Conversely,  suppose  s  is  in  T.  By  Theorem  7,  s  is  in  SRf.  Thus  there  exists  x0  in 
[0,  1]  with  orbit  x0x,x2..„  such  that  s  is  an  F-signature  for  x0  arising  from  this 
orbit.  If  this  orbit  contains  the  term  x*  =  1  then  lop*(j)  is  a  signature  of  1  arising 
from  the  F-orbit  x*  x* * ,  x* * 2  ■■■'•  hence  lop*(s)  >  M  • ).  contradicting  the  definition 
of  T.  Thus  the  orbit  x0x,x2...  contains  no  x*  =  1  and  so  is  an  /-orbit  by  Lemma  6 
So  again  by  Lemma  6,  j  is  an  /-signature.  Q.  E  D. 

Definition  20.  Let  /  be  an  arbitrary  saw  function.  Any  string  d  in  S  for  which 
SRr=  {j  |  lop*(j)<d  for  all  k^O}  will  be  called  a  discriminant  for  /  and  will  be 
denoted  by  discrim(  / ). 

Thus,  a  discriminant  for  /  is  any  string  by  which  one  may  readily  discriminate 
between  members  and  non-members  based  upon  a  “lop  test.”  Theorem  8 
demonstrates  that  M 1 )  is  a  discriminant  for  a  signature-distinct  saw  function  / 
The  discussion  below  will  show  that  this  is  indeed  the  only  discriminant  for  /, 
justifying  the  functional  notation  discrim(/). 

Definition  21.  A  sequence  j0j,  s2...  in  S  is  said  to  be  lop-maximal  if  for  all 
k^O,  lop*(j)< j. 
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(Note  that  non-lop-maximai  sequences  exist,  e.g.,  0101 11...,  as  well  as  lop- 
maximal  ones,  e.g.,  11000....) 

Theorem  9.  For  any  extended  saw  F,  ls^  1 )  is  lop-maximal. 

Proof.  Recall  that  the  lop  of  the  left-signature  of  x  produces  the  left-signature  of 
F(x)  when  x  is  not  equal  to  b,  and  of  1  when  x  equals  6;  thus  lopping  takes  left- 
signatures  into  left-signatures.  By  montonicity  of  signatures  ls^  1 )  is  the  largest 
possible  left-signature  of  F,  the  theorem  immediately  follows.  Q.E.D. 

Theorem  10  (Continuity  of  signatures).  Let  F  be  an  arbitrary  extended  saw.  If 
x0x,  x2 ...  is  a  sequence  of  points  from  [0,  1]  converging  to  some  point  x  of  [0,  1] 
from  the  left,  with  no  x,  equal  to  x,  then  for  any  choice  of  signatures  s°,  s',...,  for  the 
x,  the  limit  lims'  in  the  <  ordering  on  S  exists  and  is  equal  to  ls^.x).  Similarly  if 
y0y{y2...  converges  to  y  strictly  from  the  right,  then  for  any  choice  of  signatures 
t°,  t ',...,  for  the  y,  the  limit  lim  /'  exists  and  equals  rsX.v). 

Proof.  The  proof  is  straightforward  and  will  be  omitted. 

Corollary  1.  Let  f  be  an  arbitrary  saw  and  F  its  extension.  Then 
SUp  SRr  =  lS/r(  1 ). 

Proof.  By  Lemma  6(c),  SR/  =  {s  |  s  =  rs f(x)  for  x  in  [0,  1 )}.  By  monotonicity  of 
F-signatures,  it  is  immediate  that  ls^fl )  is  an  upper  bound  for  SR/.  By  continuity  of 
signatures  if  {x,},  x,  in  (0,  1),  converges  to  1  from  the  left,  rs^x,)  converges  to 
ls,(  1 ).  Hence  a  sequence  of  elements  of  SR/  converges  to  an  upper  bound  for  it;  this 
upper  bound  must  then  be  the  sup.  Q.E.D. 

Corollary  2.  Let  f  be  a  signature-distinct  saw-function.  Then  the  discriminant 
for  f  is  unique. 

Proof.  Let  <f  =  supSR/.  By  Corollary  1,  d  is  equal  to  Is^l)  and  is  thus  a  dis¬ 
criminant  for  /;  since  d  is  certainly  not  less  than  itself,  d  is  not  in  SR/.  Suppose 
there  were  a  second  discriminant  d  for  /  By  the  very  definition  of  discriminant  d'  is 
an  upper  bound  for  SR/.  Hence  d  >d.  By  the  lop-maximality  of  d  (Theorem  9),  d 
thus  satisfies  the  d -discriminant  criterion  for  being  a  member  of  SR/.  Contradic¬ 
tion.  Conclusion:  there  is  only  one  discriminant  for  f.  Q.E.D. 

Can  signature  repertoire  content  for  a  signature-distinct  function  be  narrowed 
down  any  further?  In  terms  of  the  present  development  this  amounts  to  asking 
whether  discrim(/)  can  be  an  arbitrary  lop-maximal  sequence  or  whether  there  are 
further  inherent  restrictions  on  its  structure.  The  following  key  result  yields  yet 
another  restriction  on  the  form  of  discrim(  / ). 

Theorem  11.  If  F  is  a  signature-distinct  extended  saw  then  discrim(/)  contains 
infinitely  many  1  s. 
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Proof.  By  contradiction,  suppose  discrim(/)  contains  only  finitely  many  Is  (it 
always  contains  at  least  1  since  discrim(/ )  =  ls^l )  and  hence  the  first  bit  of  dis- 
crim(  / )  is  a  l ).  Thus  it  is  of  the  form 


discrim(  / )  =  s0  s ,  s2 ...  sk  0  0  0 


with  sk  =  1  for  some  integer  k^O.  Since  discrim(  / )  =  ls^l ),  it  follows  from  the  lop¬ 
ping  properties  for  extended  saws  that  100...  is  a  signature  of  F*(  1 ).  Now  100...  is 
also  the  right  signature  of  b ,  the  breakpoint  of  F,  and,  thus,  by  the  signature-dis¬ 
tinctness  of  F,  it  must  be  that  F*(l)  is  equal  to  b.  Since  b  can  map  to  1,  it  follows 
that  1  has  an  orbit  that  periodically  returns  to  itself.  Since  this  orbit  always  uses  F0 
(as  opposed  to  F, )  whenever  there  is  a  choice  it  follows  that  the  signature  of  this 
orbit  is  ls^(l),  the  least  signature  of  1.  Conclusion:  ls^l )  is  periodic  and  thus  con¬ 
tains  infinitely  many  1  s — a  contradiction.  Discrim(  / )  must  really  contain  infinitely 
many  1  s.  Q.  ED. 

We  can  go  no  further  is  reducing  the  possibilities  for  discrim(/):  any  sequence  of 
Os  and  Is  which  is  lop-maximal  and  which  contains  infinitely  many  Is  can  really 
arise  as  the  discriminant  of  a  signature-distinct  saw  function.  This  requires 
demonstration  of  course!  The  next  section  will  substantiate  this  assertion  by 
actually  constructing  the  requisite  function  /.  Remarkably  the  constructed  /  will 
always  be  piecewise-linear  with  parallel  pieces,  yielding  as  a  bonus  the  theory  of 
piecewise-linear  prototypes  of  Section  V. 


IV.  Real-Radix  Number  Systems 

In  this  section  we  introduce  a  simple  generalization  of  standard  positional  num¬ 
ber  notations,  of  which  the  binary  and  decimal  notations  are  familiar  examples.  The 
essence  of  the  generalization  consists  in  allowing  the  radix  r  of  the  representation  to 
be  an  arbitrary  real  number  r>  1,  as  opposed  to  an  arbitrary  integer  greater  than  1. 
Although  our  development  could  be  carried  out  with  full  r  >  1  generality,  we  shall 
insist  that  r  be  confined  to  the  range  (1,  2].  This  assumption  allows  us  to  employ 
the  results  of  Sections  II  and  III  to  develop  rapidly  the  properties  of  these  number 
systems.  The  goal  of  this  development  is  reached  in  Theorem  15:  any  lop-maximal 
sequence  with  infinitely  many  Is  is  a  discriminant. 

The  proofs  of  Theorems  12  and  13  in  this  section  are  straightforward  and  will  be 
omitted  for  lack  of  space. 

Definition  22.  Given  any  real  number  r  in  (1,  2]  and  any  real  number  x  in 
[0,  1 )  define  the  radix  r  representation  of  x  as  the  sequence  q0q , ...  of  integers  given 
by  the  “Radix  r  Representation  Algorithm": 
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Step  2.  Divide  x,  by  s'* let  q,  be  the  integer  valued  quotient  and  let  x‘*  1  be 
the  non-negative  remainder.  Thus 

x,  =  q,s‘*1  +  xl+l  with  0^jc1+,  <j,+  i. 

Step  3.  Set  i  =  i  +  1  and  go  back  to  Step  2. 

Theorem  12.  Let  r,  x,  s  be  as  in  Definition  22,  and  let  q0  qt ...  be  the  sequence 
derived  by  the  above  algorithm.  Then  qQ  qx ...  has  the  following  properties : 

(a)  each  q,  is  either  0  or  I, 

(b)  x  =  q0*s'+ql  + 

(c)  xk  =  qk»st  +  t  +qk  +  i»sk  +  1  +  ..., 

(d)  sk>qk*sk"  +qk  +  i»sk+7  +  .... 

The  Radix  r  Representation  Algorithm  insures  that  every  x  in  [0,  1 )  has  a  well- 
defined  representation  which,  by  (b),  faithfully  represents  x.  Statement  (d)  implies 
that  not  every  sequence  of  Os  and  1  s  actually  arises  as  the  representation  of  some 
quantity  in  [0, 1 ).  Indeed  for  any  r  in  (1,  2]  the  sequence  consisting  all  of  Is  fails  to 
satisfy  the  inequality.  It  is  important  in  the  sequel  to  know  exactly  which  sequences 
of  Os  and  1  s  actually  arise  as  radix  r  expansions  of  numbers  x  in  the  interval  [0,  1 ). 
Condition  (d)  turns  out  to  be  sufficient  as  well. 

Theorem  13.  A  sequence  qa  Qt  •••  of  Os  and  1  s  is  the  radix  r  expansion  of  some  x 
in  [0,  1 )  if  for  all  k^O 

sk>qk»sk+l  +qk.l*sk*2  +  .... 

The  x  yielding  this  expansion  is  unique  and  is  given  by  q0  *  s  +  q,  *  s2  + .... 

Definition  23.  Given  r  in  ( 1,  2]  define  RRNS(r),  the  real-radix  number  system 
of  radix  r,  to  be  the  collection  of  all  strings  output  by  the  Radix  r  Representation 
Algorithm  in  response  to  inputs  selected  from  [0,  1 ).  Define  £r:  [0,  1 )  — ►  RRNS(r) 
as  the  function  which  associates  with  each  x  in  [0,  1)  its  expansion  in  RRNS(r). 
Define  V S  -» the  real  numbers  to  be  the  function  which  associates  with  any  string 
s0s,s2...,  the  real  value  x  =  s0/r  +  sjr2  +  .... 

Note  that  V,  is  a  continuous  function  for  each  r  and  that  V,  restricted  to 
RRNS(r)  and  £,  are  inverse  mappings.  Also  note  that  we  may  summarize 
Theorems  12  and  13  by  stating  that  RRNS(r)=  {q  \  K,(Iop*(?)) <  1  for  all  IrSsO}. 
The  alert  reader  will  immediately  observe  the  formal  similarity  between  this 
representation  of  RRNS(r)  and  the  representation  of  SR7  as  given  by  Theorem  8. 
Could  there  be  a  connection? 

Definition  24.  For  r  in  (1, 2]  define  the  mapping  f;.  [0, 1)  -*  [0,  1 )  as  follows: 


NON-LINEAR  DISCRETE-TIME  SYSTEMS 


57 


given  x  in  [0,  1)  with  radix  r  expansion  take  fA-x)  =  Qi/r  +  <h/r2  +  ■■■■ 

Thus  /,(*)  is  obtained  by  “lopping”  the  radix  r  expansion  of  x. 

Theorem  14  (Link  between  number  systems  and  saw  functions).  /,  is  a 
signature-distinct  saw  function  with  breakpoint  l/r.  For  any  x  in  [0,  l)  sig^(.t)  is 
equal  to  Er{x). 

Proof.  We  claim  that  /,( x)  is  given  by  the  formula 

fr(x)  =  rx  if  x  is  in  [0,  l/r) 

=  rjc  —  1  if  x  is  in  [l/r,  1) 

for  if  x<\/r  then  q0  (in  Definition  24)  must  be  0  by  the  expansion  algorithm  and 
consequently  /,(.*)  is  merely  r  times  x.  If  x  ^  l/r  then  q0  =  1  and  so  /,(.x)  is  rx  -  1. 
Figure  5  shows  the  graph  of  fr(x).  It  is  clearly  a  saw  function  with  breakpoint  l/r 
Since  its  pieces  are  parallel  with  slope  r,  which  is  greater  than  1,  f,  is  pse  and  hence 
signature-distinct  by  the  Monotonicity  Corollary  3  of  Section  II.  The  lopped 
sequence  qt  q2-  clearly  obeys  the  inequality  of  Theorem  13  (since  q0q ,  ...  does)  and 
thus  is  the  radix  r  expansion  for  f,(x).  So,  by  induction,  £,(/*(*))  =  lop*(£r(.x))  for 
all  k.  Hence  the  first  term  of  lop*(£r(x))  tells  whether  or  not /*(.x)  is  less  than  l/r. 
That  is,  £,  is  equal  to  sig/f.  Q.E.D. 

Corollary  1.  E,  is  strictly  monotone  increasing. 

Proof.  This  follows  immediately  from  monotonicity  of  signatures  applied  to  /,. 
the  signature-distinctness  of /,,  and  the  equation  £,  =  sig/(.  Q.E.D. 

Corollary  2.  RRNS(r)=  {q  \  lop*(<?)  <  discrim(/r)};  thus  there  exists  a  dis¬ 
criminant  sequence  for  determining  membership  in  RRNS(r). 

Proof.  By  Theorem  8  of  Section  III  and  the  fact  that  RRNS(r)  =  SRfr.  Q.E.D. 

Corollary  3.  K,(discrim(/r))=  1  and,  for  all  k^O,  Kf(lop*( discrim (/,.)))  ^  1. 

t 


Fig.  5.  The  prototype  saw  function  fr. 
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Proof.  Let  jr,  be  a  sequence  of  points  of  [0,  1 )  converging  to  1.  By  continuity  of 
signatures  (Theorem  10),  rs^(x,)  converges  to  lsfr(l),  where  Fr  is  the  extension  of 
/,.  Consequently  lop*(rsf,(x,))  converges  to  lop*(lsf,(l))  for  all  k  Hence,  by  the 
continuity  of  V„  the  numerical  sequence  having  as  its  ith  term  I',(lop*(rsFt(x,))) 
converges  to  F,(lop*(lsfr(l )))  for  every  k.  For  k  =  0  the  indicated  numerical 
sequence  is  just  x,,  since  for  x  <  !,  rs^(x)  is  equal  to  sig/r(x)  (Lemma  6(c))  and  we 
have  just  shown  that  signatures  under  /,  and  notations  radix  r  coincide.  Because 
the  x,  converge  to  1,  and  because  V,  (any  signature  of  fr)  is  <  1,  the  relations  in  the 
corollary  statement  immediately  follow.  Q.E.D. 

We  are  finally  in  a  position  to  demonstrate  that  any  lop-maximal  sequence  with 
an  infinite  number  of  Is  is  the  discriminant  of  a  signature-distinct  saw  function.  We 
show 

Theorem  15.  Let  d=d0dld1...  be  lop-maximal  with  infinitely  many  Is.  Then 
there  exists  a  unique  r  in  (1,  2]  such  that  d  =  discrim(/,). 

Proof  of  Uniqueness.  If  4=  discrim(/,)  then  V,(d)  =  1  by  Corollary  3  above. 
Hence  r  is  a  root  of  g(x)  =  1,  where  g(x)  =  d0/x  +  djx*  + ....  The  function  g(x)  is 
strictly  monotone  decreasing  on  the  nonnegative  reals  and  consequently  has  at 
most  one  root  in  the  region  of  interest.  Hence  if  r  exists  it  is  unique. 

Proof  of  Existence.  Let  R={r\d  is  in  RRNS(r)}.  If  4=111...,  then 
d = discrim(/j)  and  we  are  done.  If  4  is  not  equal  to  1 1 1...,  then  no  tail  of  d  can  be 
111...,  either,  since  d  is  lop-maximal.  Hence  F2(lop*(4))  <  1  for  all  k.  Consequently 
d  is  in  RRNS(2)  and  therefore  2  is  in  R.  Thus  R  is  non-empty  and  inf  R  exists.  Call 
it  r.  We  claim  that  4  =  discrim (fr).  We  do  this  in  two  steps.  We  first  argue  that 
Vr(d)  is  equal  to  1  as  follows: 

(a)  for  any  t  >r  t  is  in  R\  hence  d  is  in  RRNS(f)  and  V,(d)<  1; 

(b)  since  d  is  lop-maximal  and  V,  is  strictly  monotone  increasing  on 
RRNS(r)  (being  the  inverse  of  £,)  F,(lop*(4))<  K,(4)  for  all  k^ 0; 

(c)  from  (a)  and  (b)  and  the  continuity  of  Vx  as  a  function  of  x 
F,(lop*(4)K  Fr(4)<  1  for  all  Ar^O; 

(d)  if  y,(d)  is  not  equal  to  1,  consider  the  family  of  maps  { gk:  (1,2]-*  reals} 
given  by  g*(x)=  F\(!op*(4)).  This  family  of  maps  is  equicontinuous.  If  Vr(d)  <  1 
then  there  exists  t  <  r  so  that  for  all  k  >  0,  K,(lop*  (4))  <  1,  i.e..  t  is  in  R.  This  con¬ 
tradicts  the  definition  of  r.  Thus  K,(4)  equals  1. 

We  now  show  that  4  =  discrim(/r).  Suppose  4<  discrim(/,).  Then  lop*(4)< 
discrim(/f)  by  the  lop-maximality  of  4,  and  this  implies  4  is  in  RRNS(r),  con¬ 
tradicting  the  fact  that  V,(d)=  1. 

If  4>discrim(/,),  we  look  for  the  smallest  position  k  for  which  these  two  strings 
differ.  Consider  lop*(4).  It  has  an  initial  term  of  I  and  hence  has  value  >  1/r  (strictly 
greater  due  the  presence  of  infinitely  many  Is  in  4.  Similarly  lop*(discrim(/r)) 
must  begin  with  a  0  and  it  follows  from  Corollary  3  above  then  that 
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^,(lop*(discrim(/,)))  has  value  $  \/r.  Herein  lies  the  contradiction.  K,(discrim(/,)) 
and  V,(d)  both  have  values  of  1;  hence  these  two  tails  must  have  the  same  value. 

Consequently,  we  have  neither  d<discrim(/,)  or  d  >  discrimf  /, ),  so 
d  =  discrim(/,).  Q.E.D. 

V.  Theory  of  Prototypes  for  Signature-Distinct  Saws 

The  goal  towards  which  the  foregoing  material  has  been  aiming  is  that  every 
signature-distinct  saw  function  is  isomorphic  to  one  of  the  functions  f,  introduced 
in  Section  IV.  We  are  now  in  a  position  to  formally  demonstrate  this  result. 

Theorem  16  (Prototype  theorem).  Let  f  be  a  signature-distinct  saw  function. 
Then  there  exists  an  r  in  (1,  2]  such  that  f  is  isomorphic  to  the  piecewise-linear , 
parallel  piece  saw  function  fr. 

Proof.  By  Theorem  9,  discrim(/)  is  lop-maximal;  by  Theorem  11  it  has 
infinitely  many  Is.  Hence  by  Theorem  15  there  exists  a  unique  r  in  (1,  2]  for  which 
discrim(/)  =  discrim(/,).  Hence  by  Theorem  8,  SR,  =  SRA,  and,  by  Theorem  3,  / 
and  f,  are  isomorphic.  Q.E.D. 

Theorem  17.  The  following  are  equivalent  statements  about  signature-distinct 
saw  functions  /,  and  f2  and  their  respective  prototypes  /,,  and  fn: 

(a)  discrim(/,)<discrim(/2) 

(b)  SRr,  is  a  proper  subset  of  SR/2 

(c)  RRNS(r, )  is  a  proper  subset  of  RRNS(r2) 

(d)  rs<rt. 

Proof  We  show  (a)  iff  (b),  (b)  iff  (c),  and  then  (c)  iff  (d): 

(a)  iff  (b).  Assume  (a)  is  true.  Any  string  with  all  its  lops  less  than 
discrimf/,)  has  all  its  lops  less  than  discrim(/2);  thus  SR7l  is  a  subset  of  SR,,  by 
Theorem  8.  It  is  indeed  a  proper  subset  of  SR/;  since  discrim(/,)  is  certainly  not  a 
member  of  SR,,  (it  is  not  less  than  itself),  but  is  a  member  of  SR,,  s\.ce  it  is  lop- 
maximal  and  is  less  than  discrim(/2). 

Conversely,  if  discrim(/,)  =  discrim(/2),  then  by  Theorem  8,  SR,,  is  equal  to 
SR,r  If  discrim(/, )  >  discrim(/2)  then,  by  repeating  the  above  argument,  SR,,  is  a 
proper  subset  of  SR,,.  Thus  contradictions  arise  for  either  assumption.  The  con¬ 
clusion:  discrim(/i )  <  discrim(/2). 

(b)  iff  (c).  By  Theorem  14,  Corollary  2,  note  that  RRNS(r, )  =  SR,r|  =  SR,,, 
and  RRNS(r2)  =  SR/f3  =  SR/j.  The  result  is  immediate. 

(c)  iff  (d).  Assume  that  r,  <r2.  Recall  the  characterization  from  Theorems  12 
and  13  that  RRNS(r)=  {^|  Kr(lop*(g)) <  1}.  Now  for  r<r'  it  is  always  true  that 
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u0/r  +  ujr2  + ...  <1  implies  u0/r'  +  ut/r'2  + ...  <1  for  any  sequence  u0u,....  It  is 
immediate  then  that  RRNS(r,)  is  subset  of  RRNS(r2).  It  is  a  strict  subset  because 
the  string  discrimf/,,)  is  not  in  RRNS(r,) — by  Theorem  14,  Kri(discrim(/,,))  =  1  — 
but  is  in  RRNS(r2)  (since  Kr|(lop*(discrim(/,,))X  1  for  all  k ,  by  Theorem  14,  then 
for  all  k,  K^(lop*(discrim(/,1)))  is  <  1,  since  r,  <r2). 

Conversely,  if  r ,  =  r2  then  certainly  RRNS(r,  )  =  RRNS(r2);  if  r,  >  r2  then,  by  the 
above  argument,  RRN S(r2)  is  a  proper  subset  of  RRNS(r,).  It  must  be  then  that 
r1<r2.  Q.E.D. 

The  above  theorem  is  significant  in  that  it  shows  that  every  signature-distinct  saw 
has  a  unique  prototype,  which  in  turn  corresponds  to  a  unique  radix.  In  informal 
terms  the  family  of  prototypes  is  a  1 -parameter  family — r  being  the  parameter;  as  r 
increases  from  1  to  2  the  signature  repertoire  of  the  prototype  increases  accordingly. 
Any  signature  assumable  by  /,,  is  assumable  by  fn  iff  r,  <r2.  This  property  reflects 
back  to  signature-  distinct  saws;  by  comparing  discrim(/, )  with  discrim(/2)  we  can 
determine  which  saw  can  “simulate"  the  other— a  rather  remarkable  result. 

As  a  consequence  of  this  discussion  we  can  immediately  conclude  that  the  two 
saw  functions  illustrated  in  Fig.  6  are  isomorphic:  they  are  both  signature-distinct 
since  they  are  pse,  and  their  respective  extensions  share  common  signatures  for  1 
(and  hence  a  common  left-signature). 


VI.  Conclusions 

The  following  results  have  been  derived: 

(a)  Every  saw  function  has  a  signature  repertoire.  Two  signature-distinct  saw 
functions  are  isomorphic  iff  they  have  the  same  repertoire. 

(b)  For  every  signature-distinct  saw  function  /  there  exists  a  unique'  string 
discrim(/)  called  the  discriminant  of  /,  such  that  an  arbitrary  string  s  is  in  the 
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signature  repertoire  SR/ of  /  iff  all  “tails”  of  s,  and  r  itself,  are  strictly  less  than  dis- 
crim(/)  in  lexicographical  order. 

(c)  discrimf/)  may  be  obtained  as  either  ls^  1 ),  where  F  is  the  extension  of 
/,  or  as  sup  SR/. 

(d)  The  collection  of  discriminants  so  arising  can  be  characterized  in  strictly 
string-theoretic  terms:  a  string  d  is  the  discriminant  for  some  signature-distinct  saw 
function  iff  it  is  lop-maximal  and  contains  infinitely  many  1  s. 

(e)  Discriminants  d  are  in  one-to-one  correspondence  with  radices  r  chosen 
from  (1, 2].  The  correspondence  is  given  by  r  is  the  unique  positive  root  of  d0/x  + 
djx2  +  ...  =1. 

(f)  Each  discriminant  arises  from  a  particular  2-piece  piecewise-linear  saw 
function.  Consequently  every  signature-distinct  saw  function  is  isomorphic  to  one  of 
these  prototype  saw  functions. 

The  theory  of  prototypes  has  far-reaching  implications.  The  iterative  structure  of 
any  signature-distinct  saw  function  may  be  studied  by  considering  the  structure  of 
an  isomorphic  parallel-piece  linear  saw.  Fixed  points,  periodic  orbits,  orbital 
topology,  asymptotic  behavior,  and  ergodic  properties  of  orbits — all  can  be 
investigated  through  consideration  of  these  elementary  constant-slope,  piecewise- 
linear  maps.  The  simplification  effected  is  indeed  remarkable  in  extent. 

Due  to  the  central  role  played  by  piecewise-linear  functions  in  this  theory,  and 
also  due  to  the  ability  of  piecewise-linear  maps  to  approximate  the  behavior  of 
more  general  maps,  the  iterative  behavior  of  the  piecewise-linear  family  becomes  an 
especially  interesting  research  topic. 

Perhaps  the  most  discouraging  aspect  of  the  theory  expounded  here  is  the  num¬ 
ber  of  restrictions  placed  on  the  class  of  systems  studied:  a  1-dimensional  state 
space;  autonomous  operation;  transition  functions  which  have  two  continuous  and 
monotone  pieces;  signature-distinctness.  We  believe  however  that  the  methods 
employed  in  this  paper  will  routinely  extend  to  general  2-piece  functions  (/(0)  =  0 
and  so  on  not  required )  and  also  to  p-piece  functions  with  p  >  2.  The  general  areas 
of  non-autonomous  systems  and  of  higher-dimensional  systems  remain  totally 
untouched  topics. 

A  special  reference  is  required  for  three  pioneering  works  on  number  notations 
and  prototype  theory,  works  unknown  to  the  authors  for  more  than  one  year  after 
their  own  independent  work  in  this  area.  Everett  [2]  apparently  first  investigated 
the  existence  of  real  radix  number  systems;  Parry  [  10]  then  thoroughly  developed 
their  properties  and  [  1 1  ]  derived  a  prototype  theory  by  means  of  ergodic  theory 
methods.  The  interested  reader  is  referred  to  these  expositions  for  an  alternative 
exclusively  mathematically  oriented  view  of  number  systems  and  prototype  theory. 
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I.  Introduction 

There  has  been  great  interest  in  recent  years  in  the 
orbital  behavior  of  autonomous  nonlinear  one-dimensional 
systems  defined  over  the  unit  interval  CO,  11  1  • s «  3 » A  • 55  •  *• »  7 . 
There  is,  in  particular,  interest  in  the  so-called  chaotic 
behavior  of  the  equilibrium,  or  fixed,  points  of  such 
systems.  This  behavior  manifests  itself  even  in  processes 
describable  by  simple  first-order  difference  equations  of 
the  forms 


where  f:  CO, 13  ->  CO, 13, 

Various  approaches  have  been  employed  to  analyze 
systems  of  form  <1),  ranging  from  graphical  methods  63 ,  to 
purely  analytical  techniques  *  and  ergodic  theoretic 
constructs  =  .  A  system  theoretic  approach,  introduced  by 
Klein  and  Kali  ski  (and  cited  above)  is  pursued  in  this 
paper.  We  view  the  function  f  as  the  state  transition  map 
of  an  autonomous  one-dimensional  nonlinear  discrete-time 
system.  The  concept  of  signature,  defined  below,  is  used  to 
characterize  the  orbit  of  any  given  initial  system  state. 

This  paper  analyzes  the  fired  point  structure  of  these 
systems  through  the  use  of  signature  repertoires.  Our 
development  is  necessarily  somewhat  detailed  due  to  our  need 
to  formalize  and  introduce  certain  fundamental  concepts. 
Our  results  prove  to  be  of  intrinsic  interest  for  the 
following  two  reasons: 

(i)  Chaotic  behavior  (the  presence  of  fixed  points  of 
all  periods)  in  a  broad  subclass  of  these  systems  —  the 
signature-distinct  w ell-structured  un imodal s  —  is 
character i zed  strictly  in  terms  of  the  first  two  iterates  of 
a  specific  point  in  the  range  of  the  system  transition 
function.  Hence  a  highly  constructive  test  for  chaos 
ex i sts . 


(ii)  The  utility  of  the  signature  cor 
demonstrated ,  a  concept  with  complements  all 
that  draw  upon  more  advanced  ergodic  theor; 
theoretic  treatments  of  the  subject. 


i s  thus 
j  methods 


Much  of  this  work  appeared  in  a  somewhat  different  format  in 
one  of  the  authors'  doctoral  dissertation  . 
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II.  Basic  Concepts:  Uni  models,  Su.bbells,  Signatures  and 

Gray  Code  Order 


The  concepts  below  were  -first  introduced  .in  the  cited 
work  of  Klein  and  Kaliski.  They  are  therefore  just 

summar  i  z  ed  bel  ow . 

11,1  Uni  modal  and  Subbell  Functions 

Definition  1:  A  unimodal  function  is  a  continuous  map 

f:  [0,3.1  —  >  C0,11  for  which  (Figure  1): 

(i)  f  has  a  unique  maximum  q  at  some  point  p  in  (0,1) 

(ii)  f  is  strictly  monotone  on  C0.pl  and  on  [p , 1 1 

W e  t e r  m  p  the  b r a a k p o i n  t  of  f ,  and  q  i t s  p e a k  v a 1 u e . 

Definition  2:  A  subbell  function  is  a  uni  modal  function 

obeying  the  additional  constraint  below  (Figure  2): 

( i  i  i  )  f  ( 0 )  =  f  <  1 )  -  0 

C  The  name  subbell  is  derived  from  the  relationship  of  these 
functions  to  the  bell  functions  considered  in  reference  9; 
the  bell  function  is  additionally  constrained  to  obey  f(p)  = 
1  1 

This  paper  is  primarily  concerned,  from  an  enposi ti onal 
point  of  view,  with  subbell  functions,  although  many  of  the 
results  rapidly  generalize  to  the  more  extensive  class  of 
uni  modal  functions.  In  section  VII  we  examine  one  key 
aspect  of  this  issue  in  more  depth  —  the  presence  of 
chaotic  regimes  in  uni  modal  functions.  We  see  there  how  we 

can  associate  with  a  given  uni  modal  an  appropriate  sub  be  3.  1 

and  how  orbi tal  properties  of  the  uni  modal  natural  1 y  derive 
f  r  o m  c o r r  e s p o n d i  ng  propert  i  e s  o f  the  as s o c  i  ate d  s u. bbel  1 
f  unot i on . 

1 1  »  7.  Fi  n  i  te  and  1  nf  ini  te  Si  qnatures 

Let  f  be  a  given  sub bel 1 .  Write,  for  k  1,  f *  to 

denote  the  kth  iterate  of  f ,  i.e.  the  k-f old  composition  of 
f  with  itself  Define  f 1  to  be  f  and  define  f°  to  be  the 
identity  map,  i.e.  f°(v)  =  y,  for  all  y . 

Definition  3:  Let  !■:  0  be  given,  along  with  ;  in  [  0 ,  i  j 

The  k  -signature  of  x  under  f ,  3iqk(::)  ,  is  the  1  enoth  1 

string  b,:.  bt  ...  bk-i  where,  for  i  =  0,1,...  ,  k  1: 

b  t  =  0 ,  if  f  1  ( x  )  is  in  [ 0 , p  i 
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1  ,  if  fMx)  is  in  (p ,  1 3 


If  f A  (;•;> 


p,  we  set  bi  to  a 


sig“(x)  will  be  called  regular  if,  for  all  i,  b±  is  0  or  1, 
bu.t  not  If  sigk  (x)  is  not  regular,  it  will  be  called 
irregular . 

The  (infinite)  signature  of  x  ,  sig(:<),  is 
similarly  defined  as  the  infinite  sequence  of  points  in 
{0,1,-}  obtained  by  letting  k  range  over  all  the  positive 
integers.  We  say  that  x  is  regular  if  sig  <x  >  is  regular; 
otherwise  we  term  x  irregular.  Note  that  if  is  regular- 
then,  for  all  k,  siqk(;<)  is  regular,  and  conversely. 

1 1.3  Gray  Code  Ordering 

We  can  define  a  total  order  upon  binary  strings  (not 
necessarily  regular  signatures)  which  the  reader  will 
recognize  as  Gray  code  order: 


Def i n i t i on  4 : 


bo  b  * 


and  s3  =  d, 


two  binary  sequences  of  equal  finite  length,  or  of 
infinite  length.  Then  s*  <  s'*  if  s1  is  not  equal  to  s: 
denoting  by  j  the  bit  position  at  which  s1  and  s3 


.  .  be 
both 
■  and  , 
f  i  rst 


:::: 

differ  ( j 

> 

0)  , 

* 

(b0 

+ 

...  +  b  j ) 

mod  2  =  0 

q* 

(do 

.  .  .  +  dj, 

mod  2=1 

This  order 

rsl at i on 

is  fundamental 

i  n  the 

theory  of 

s l gestures 

■i 

in  that 

all  subbel 1 

f unct i ons 

obey  a 

monotonicity  of  signatures  property  (monotone  with  respect 
to  this  order).  We  explore  this  in  section  1 1. 5. 

Note  that  we  use  the  symbol  "<"  to  denote  both 
conventional  numerical  order  on  the  reals  as  well  as  the 
just  defined  Gray  code  ordering  on  sequences.  This  will 
pose  no  problem  in  the  sequel  as  the  context  of  its  use  will 
a  1  w  a  y  s  b  a  a  p  p  a  r  e  n  t. . 


I  1. 4  Instances  of  Irregular 

Repertoi res 


Si  qnatui 


Si q nature 


Definition  5:  Suppose  sig(x)  is  irregular  for  some  x .  An 
instance  of  sig(x)  is  any  binary  string  obtained  from  siq(x) 
by  arbitrarily  inserting  0's  and  1 ' s  for  each  in  sig(x). 
We  term  the  least  such  instance  obtained ,  in  the  ordering . 
the  left-signature  of  x ,  1 s (x  )  ;  we  term  the  greatest  such 
instance  obtained  the  right-signature  of  v  ,  rs  ( •••  >  .  It  i  a 
easy  to  show  that  1 s ( x )  and  r  s  ( x )  wi  11  differ  in  iust  one 
position,  the  position  where  the  first  occurs.  This  is 
true  even  if  sig(x)  has  more  than  one  dash.  When  si  a  \n  >  i  s 
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irregular  we  define  ls(x)  =  rs(x)  =  sig(x).  In  this  case  we 
can  therefore  refer  to  s  1  g  ( :■; )  as  either  ls(:<)  or  rs  (:<  > 
without  ambiguity  and  will  do  so  at  times  in  the  sequel, 
whenever  convenient  to. 

These  definitions  extend  in  a  strai ghtf orward  way  to 
finite  signatures,  and  we  write  the  left  and  right  k - 
signatures  of  k  as  lsk(x)  and  rsk(x) ,  respectively. 

Definition  6:  The  k— signature  repertoire  of  f,  denoted  by 
Bk,  is  the  set.  of  strings: 

S*  =  C  rsk( : ;  >  ,  :<  in  CO, 13  >  U  C  lsk  ( )  ,  ;<  in  CO, 13  3 

The  signature  repertoire  of  f»  denoted  by  S,  is  the  set  of 
str i ngs: 

S  =  -C  rs  (,*< )  ,  :<  in  CO,  13  3-  U  C  ls(x),  :<  in  CO,  13  3 

Thus  the  signature  repertoires  consist  of  all  signatures  of 
regular  points,  and  the  greatest  and  least  signatures  of 
all  irregular  points. 

1 1.5  Monotonicity  of  Signatures 

All  subbell  functions,  as  noted  earlier,  obey  the 
following  property.  We  cite  it  without  proof.  The  proof 
appears  in  reference  2: 

Theorem  1:  Let  f  be  a  subbell;  let  x,  y  in  CO, 13  be  given 
points,  x  <  y.  Then  for  all  k ,  rsk(x)  1  lsK(y),  and  rsfxi 
1  Is (y) . 


Note  that  in  general  we  cannot  strengthen  the  inequality 
to  "<".  We  return  to  this  matter  in  section  V. 
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III.  A  Roadmap  -for  the  iechnica.1  Developments  to  Fallow 


In  Section  IV  we  examine  certain  recursions  for 
calculating  the  k-signature  repertoires  of  subbells.  We 
will  see  that  the  role  of  the  left  signature  of  the  peak- 
value  q  is  central  to  these  formulae.  In  Section  V  we  begin 
to  examine  the  issue  of  fixed  point  existence  for  subbells. 
Necessary  and  sufficient  conditions  for  the  existence  of 
fixed  points  having  given  finite  or  infinite  signatures  are 
derived.  We  follow  this  in  Section  VI  by  an  in  depth 
examination  of  fixed  point  orders  and  the  conditions 
necessary  -for  the  presence  of  chaotic  regimes  —  the 
presence  of  fixed  points  of  all  positive  orders.  Necessary- 
background  material  is  introduced  as  needed;  the  reader  is 
often  referred  to  the  cited  references  for  proofs  of  many  of 
the  subsidiary  results  presented. 

Section  VII  examines  the  more  general  class  of  uni  modal 
functions  in  the  context  of  the  earlier  sections  of  the 
paper.  We  associate  with  an  arbitrary  uni  modal  a  subbell 
for  which  our  developed  theory  applies.  This  allows  us  to 
rapidly  derive  analogous  properties  for  the  uni  modal  family. 


s 

Vj» 


k*. 


V,  On  the  Existence  of  Fixed  Points  Having  Given  Finite 
and  Infinite  Signatures 

We  are  concerned  with  the  existence  o-f  fixed  points  of 
fK,  f  a  subbell,  for  various  values  of  k ,  having  given 
finite  and  infinite  signatures.  A  fixed  point  of  f *•=  is  a 
point  K0  for  which  fk(x0)  =  x0  and  represents  a  value  which 
repeats  with  period  k  under  iteration  of  f.  To  expedite  the 
developments  below  we  must  introduce  a  few  more  notions. 

V. 1  On  Rotations  and  Shifts  of  Sequences 

Let  s  be  a  k-bit  sequence.  Denote  by  s*j  the  sequence 
obtained  by  rotating  s  circularly  j  bits  to  the  left,  0  <  j 
<  k.  We  term  s*j  the  jth  left  rotation  of  s.  Define  s*0  to 
be  equal  to  s. 

Definition  7:  The  rotational  maximal  of  s,  rm(s),  is  the 

largest  such  left  rotation  of  s.  s  is  called  rotation 
maximal  if  rm(s)  =  s. 

The  sequence  10011,  for  example,  is  rotation  maximal. 
There  may  exist,  in  general ,  more  than  one  value  of  j  for 
which  rui(s)  =  s*  j .  For  example  the  sequence  s  =  011011  has 
rotational  maximal  rm(s)  ~  101101,  which  is  equal  to  both 

s*2  and  s*5.  In  all  cases,  however,  rm(s>  is  well-defined 
and  unique  for  a  given  s. 

A  similar  concept  applies  for  infinite  binary  sequences  s. 
The  jth  left  shift  of  s,  Lj(s),  is  the  sequence  obtained  by 
shifting  s  j  bits  to  the  left,  thus  "lopping  off"  the  j 
leftmost  bits.  Let  L(s>  denote  the  set  of  all  left  shifts 
of  s ,  i.e.  L(s)  =  {  Lj(s),  s  >  0  1.  Define  L 0 ( s >  to  be 

3  a 

Definition  8:  The 

sup  < L (s ) )  .  When  s 
a  a  x  i  m  a  1 . 

The  sequence  1001010111  ...,  for  example,  is  shift  maximal. 
Note  that  in  general  sm(s)  is  not  an  element  of  L ,  as  •  n  hr. 
case  when  s  =  101001000100001  .  .  .  ;  here  sm(s)  =  LOOvO  .  .  .  . 

It  can  be  proved  ^  that  Is  (q)  is  always  shift  max:  i  ms  I  . 
any  subbell.  This  is  a  useful  fact  that  is  J sod  in  *  e 
sequel . 

V. 2  Signature  Bins 

Let  s  =  b0  bi  ...  be  a  given  infinite  binar  \  seuur  nee. 


shift  maximal  of  s,  sm(s),  is  equal  to 
is  equal  to  sm<s)  we  term  s  shift 


paper ,  the  necessary  background  material  in  place.  We  will 
be  addressing  three  questions  in  the  pages  that  follow  in 
this  section: 

QUESTION  1:  When  is  an  infinite  binary  sequence  s  in  the 
signature  repertoire  S  of  a  subbell  f? 


Proof:  The  necessity  of  the  condition  is  obvious,  as  the  k~ 
truncation  of  a  left  or  right  signature  is  a.  left  or  right 
k -signature.  As  for  sufficiency,  suppose  every  k-truncation 
for  s  is  in  S*.  Then  each  k-signature  bin  A*  is  non-empty, 
and  as  noted,  is  closed.  Thus  A  =  Ak  is  non-empty  also. 
E<ut.  by  our  earlier  remarks,  A  is  the  signature  bin  of  s. 
Thus  s  is  in  S.  QED 

We  can  now  provide  a  complete  answer  to  Question  1: 

Theorem  4:  Let  s  be  a  given  infinite  binary  sequence.  Then 
s  is  in  S,  the  signature  repertoire  of  f,  if  and  only  if 

Lj  (s)  ls(q)  ,  for  all  j  >  0 

Proof:  <->)  Suppose  s  is  in  S  and  is  equal  to  ls(x)  or  rs(:<> 
for  some  point  x  in  CO,  13.  Every  shift  of  s  is  in  S  and  is 
the  left-signature  or  right— signature  of  a.  point  in  the 
orbit  of  x.  Such  points,  from  the  definition  of  q  as  the 
peak  value  of  f,  have  values  less  than  or  equal  to  q.  If  q 
is  not  in  the  orbit  of  x  then,  by  Theorem  1,  L,  (si  Is  (q ) 
for  all  j  >  0,  and  we  are  done.  If  q  is  in  the  orbit  of  x 
then  so  is  p,  the  breakpoint  of  f,  and  it  is  .easy  to  verify 
that  all  shifts  of  s  corresponding  to  those  iterates  of  x 
equal  to  q  are  equal  to  ls(q).  All  others,  by  Theorem  1, 
are  less  than  or  equal  to  ls<q>.  The  conclusion  follows. 

(.<.-)  Suppose  that  L j  <s)  ±  ls(q)  for  all  j  >  0.  Write  s  as 
bc.  bi  ...  We  are  going  to  use  the  recursion  of  Theorem  3. 
Since  b0  is  clearly  either  0  or  1,  it  is  in  S1,  as  is  bi. 
Since  b»  is  the  first  bit  of  Li(s)  ,  and  L*  <s)  «  ls(q),  by- 
hypothesis,  we  have  ta*  ls*<q)  and  thus  deduce  by  Theorem 
3  that  b0  bx  is  in  S3.  Now  consider  bo  bt  b3  ...  It  is 
easy  to  deduce  by  an  argument  similar  to  that  just  given 
that  bi  b^  is  in  S3;  further,  bi  b3  are  the  first  two  bits 
of  l_2(s).  Thus,  with  Lz(s)  ^  ls(q>,  again  by  hypothesis, 
bt  b2  lsa(q)  .  So  again  by  Theorem  3,  bo  b  t  b=  is  in  S3, 
B y  repeated  use  of  these  arguments,  we  find  that  every  k- 
truncation  of  s  is  in  S* .  From  Lemma  1,  then,  s  is  in  S,  as 
desired.  QED 

Having  dispensed  with  our  first  question,  we  can  now 
turn  to  Question  2.  We  must  settle  for  a.  partial  answer, 
however,  for  although  it  is  certainly  true  that  the 
signature  of  a  fixed  point  of  f  *  is  periodic  with  period  k, 
its  left  or  right  signature  may  not  be  (one  always  will  be 
as  we  will  see  shortly. ) 


Theorem  5:  Let  k  >  1  be  given,  along  with  a  subboll  f,  and 
infinite  binary  sequence  s  in  S.  Then  i -f  s  is  periodic  wi  fh 
period  !•:  there  is  a  fixed  point  x  of  f*  for  which  Is  (.;  >  or 
r  s  <  x  >  =  s . 


Proof :  Let  Ai  denote  the  1  -signature  bin  ot  s,  and  A 
the  signature  bin  of  s.  Since  s  is  in  S,  all  the  At  and  A 
are  non-empty  closed  intervals  in  CO, 11.  Now  it  is 
certainly  the  case  that  Ai  3  A2  3  ,  and  since  A  =  -  A* , 
it  is  also  true  that  A  =  -  A±  te ,  i  =  1,2,... 

From  the  assumed  periodicity  of  s  we  know  that  fk  (AU[i 
C  A  <  i  _  i » *  f  or  all  i  .■  —  2 .  Thus  -»  f k  !  A*  C  A  <  ±  , 
where  the  first  intersection  begins  with  i=l,  the  second 
with  i=2.  But  we  may  re-write  the  latter  as  -  Aik,  with  i 
beginning  at  1,  and  this  equals  A,  by  our  observation  in  the 
preceding  paragraph.  Thus  fk(Aik;)  C  A.  It  is  easy  to 
deduce  that  f *  U  Alk)  C  -  f*(At,«>.  Thus  f“(A)  =  fk(-  A tk) 
C  A,  and  thus  fk<  has  a  fixed  point  :<  in  A.  By  definition  of 
A,  then,  ls(x)  or  rs(x)  equals  s.  QED 

Corollary:  A  given  infinite  binary  sequence  s  is  the  left  or 
right  signature  of  a  fixed  point  of  f*  if  it  is  periodic  of 
period  k,  and  if  sm<s)  ls(q) 

Proof:  Periodic  infinite  sequences  always  contain  their 
shift  maximals.  Thus  all  left  shifts  of  s  will  in  fact  be 
less  than  or  equal  to  ls(q).  From  Theorem  4,  then,  s  will 
be  in  S.  The  result  fallows  from  Theorem  5.  QED 


Before  addressing  the  third  of  our  questions  we  need  to 
state  the  finite  sequence  analog  of  Theorem  4: 

Theorem  6:  Let  s  be  a  k-bit  sequence  for  which  rm(s)  ^ 
lsk (q) .  Then  every  rotation  of  s  is  in  Sk. 

Proof:  We  will  show  that  every  rotation  Si  of  s  satisfies 
the  following  properties:  if  s»  begins  with  a  0,  s  *  ;f_ 
IsMp);  if  Si  begins  with  a  1,  then  Si  ^  rsk(p)  .  By  a 
basic  result  of  reference  9  it  will  follow  that  every 
rotation  of  s  is  in  S**.  (Lack  of  space  prohibits  repeating 
the  proof  of  this  result.) 

Assume,  then,  that  there  is  some  rotation  Si  of  s  for 
which  Si  =  0  b i  bz. . .  >  lsk(p)  or  sx  =  1  b  *  b*  ...  >  rsk(p) . 
Since  lsk ( p )  =  0  lsk_1 (q)  and  rsk(p)  =  1  lsk  Mq),  we  have 
in  both  cases  that  bt  ba  ...  >  lsk_l (qi .  Now  for  any 
binary  sequences  z±  and  zs  of  equal  length,  and  z3  and  z  of 
equal  length,  2 1  >  z3  implies  2  i  23  >  Ss*  2  a  ■  Setting  2  t  - 
bi  .  ..  ,  z  2  =  lsk‘“i(q)  ,  z3  =  0  or  1  (according  to  the 
case)  and  z*  =  the  kth  bit  of  ls(q)  yields  s»  *  1  1 s“ (q ) . 

But  Si  *  1  rm(s),  which  by  hypothesis  is  ^  lsk(q!  . 
Thus  we  arrive  at  a  contradiction  and  no  such  rotation  st  of 
s  exists.  The  proof  is  complete.  QED 

Our  next  result  is  an  important  one,  both  for  addressing 
Question  3,  and  for  the  developments  to  follow  m  our 
analysis  of  chaotic  behavior. 


Theorem  7:  Let  ;;0  be  a  -fixed  point  o-f  -f k  -  Then  either 
ls(Ko)  or  rs(Xo)  is  periodic  o-f  period  k.  Let  3  denote  the 
first  k-bits  of  this  periodic  signature  and  term  it  the 
periodic  k— signature  of  x o .  There  exists  x  in  the  orbit  of 
Ko  whose  left  k-signature  is  equal  to  rm(s).  Further , 
rm(s)  rm(s)  ls3k!q)  and,  when  it  is  equal  to  ls3K<q), 
Is (q)  is  in  fact  periodic  and  equal  to  rm(s)  rm(s)  rm(s)  ... 

Proof:  Clearly  sig(x0)  is  periodic  with  period  k.  If 
sig(xo)  is  regular  then  s  is  equal  to  sigK(x0)  and  it  is 
readily  apparent  that  rm(s)  occurs  as  a  subsequence  of 
sig(xo).  If  this  subsequence  begins  for  the  first  time  at 
position  j  ^  0  in  sig<x0),  then  rm(s)  is  the  k-signature  of 
x i  -  f J ( x  o ) ■  Further,  sig(x1)  =  rm(s)  rm(s)  ...  Note  that 
since  p,  and  hence  q,  does  not  occur  in  the  orbit  of  x0  all 
paints  in  this  orbit  (including  x0)  are  less  than  q.  From 
the  Monotonicity  of  Signatures  Property,  then,  rm(s)  rm(s) 

1  s3k<  ( q )  .  If  it  is  <  ls3k;<q)  there  is  nothing  further  to 
prove  in  the  s.ig(:;0>  regular  case;  assume  that  it  equals 
1 s=“  <q )  ,  then . 

Write  rm(s)  as  Si.  Thus  sig  (:•:  ,)  =  st  st  ...  Again, 
using  Monotonicity  of  Signatures,  sig(xi)  1  ls(q).  If  it 
is  less  than  ls(q>  we  argue  as  fallows.  Its  first  2k  bits 
agree  with  ls(q)  by  hypothesis.  It  must  be  then  that  ls(q) 
is  of  the  form  si  Si  ...  s i  (n  times)  z  *  ,  where  n  >  2,  and 
where  the  infinite  sequence  zx  does  not  begin  with  s  x .  Now 
suppose  sig(Xa)  and  Is<q)  differ  for  the  first  time  at  the 
nk+j  th  bit,  with  0  <  j  <  k.  Let  m  =  nk  if  n  is  even,  and 
(n-l)k  if  n  is  odd.  Consider  Lm(sig(:<i>>  and  Lm(ls(q>). 
The  former  is  again  sig(Xi) ,  whereas  the  latter  is  zx  if  n 
is  even  and  ex  zx  if  n  is  odd.  In  both  cases  (n  odd,  n 
even),  an  even  number  of  si's  were  deleted  and  hence  sig(Xi) 
<  Lm(ls(q)>.  Since  these  two  sequences  differ  within  the 
first  2k  bits  (as  z  t  does  not  begin  with  Si>,  it  must  be 
that  the  first  2k  bits  of  Lm(ls(q))  are  greater  than  those 
of  sig(:<i)  =  ls3k  (q)  .  But  this  is  not  possible  by  Theorem 
4;  Thus  sig  (:•;,)  =  ls(q)  and  the  latter  is  periodic  and 
equal  to  rm(s)  rm(s>  ... 

There  just  remains  the  sig(xo)  irregular  case  to 
discuss.  Clearly  both  p  and  q  occur  in  the  orbit  of  , 
and  because  sig(x0)  is  periodic  no  point  greater  than  q 
occurs  in  x0's  orbit.  It  is  straightforward  to  demonstrate 
that  ls(q>  will  be  periodic  of  period  k  and  that  either 
rs(x0)  or  Is  (:<0)  will  be,  depending  upon  the  parity  of 
sig  (;<0>  before  the  first  After  this  the  remainder 
of  both  is ( x  o )  and  r  s  <  x  0  >  is  ls(q).  Since  s  is  the  first  k- 
bits  of  this  signature  it  follows  that  rm(si  must  be  ls**(q) 
by  monotonicity  of  signatures.  The  point  x x  having  rm(s)  as 
its  left-signature  is  q  itself,  and  thus  Is  (:<  x  >  is  equal  to 
Is  (q>  ,  which  is  thus  rrn(s)  rm  (s)  ...  Note,  in  particular, 
that  rm(s)  rm(s)  is  equal  to  ls=k(q) .  QED 

We  use  Theorem  7  to  answer  Question  3.  In  fact,  we  couch 


Corollary:  Let  s  be  a  given  k— bit  binary  sequence.  Then 
there  is  a  -fixed  point  o-f  f *  with  periodic  k-signature  s  if 
and  only  if  rm(s)  -  rm(s)  1.  l52k(q)  ,  with  Is  (q)  =  rm(s) 
rm(s)  ...  when  rm(s)  rm(s)  =  ls2k  fq) . 

F'roof :  (->)  From  Theorem  7 


(<-)  Conversely,  consider  the  sequence  z  =  s  s  s  .  .  .  <n 
times) ,  for  any  n  >  1 .  It  is  easy  to  demonstrate  that  rm(z) 
=  rm(s)  rm<s)  ...  (n  times).  It  follows  from  our  hypothesis 
that  rm!z)  lsnk  (qi  .  Thus  from  Theorem  6,  z  itself  is  in 
S’"1* .  Hence  all  initial  portions  of  z  of  length  m,  m  = 
l,...,nk-l  are  in  Sm.  Since  this  is  true  for  all  n  >  1  it 
follows  that  ss  s...  is  inS,  by  Lemma  1.  Since  the 
latter  infinite  sequence  is  periodic  with  period  k,  we  know 
by  Theorem  5  that  there  is  a  fixed  point  x  of  f *  whose  left 
or  right  signature  is  equal  to  s  s  s  ....  Certainly  s  is 
x's  periodic  k--si  gnature.  GED 


V.4  Si gnature-Di sti net  Subbells 

Definition  11:  A  subbell  is  termed  -signature-distinct  if 
sig(x)  =  sig<y)  implies  x  =  y.  A  wide  class  of  signature- 
distinct  subbells  have  been  shown  to  exist  *  and  include  all 
those  subbells  which  are  piecewise  strictly  expansive,  i.e. 
for  which  there  exists  E  >  1  such  that  for  all  x,y  in  CO, pH, 
/f(x)-f(y)/  ^  E  /x-y/  and  similarly  for  all  x,y  in  Cd,13. 
One  consequence  of  signature-distinctness  is  that  if  x  is 
not  equal  to  y,  then  no  instance  of  sig(x)  is  equal  to  an 
instance  of  sig(y)  either. 

For  signature-distinct  subbells  a  more  powerful  form  of 
the  Corollary  to  Theorem  7  holds; 

Theorem  8:  Let  f  be  signature— di sti net  and  let  s  be  a  given 
k-b.it  binary  sequence.  Then  there  is  a  fixed  point  of  fk 
with  periodic  k-signature  s  if  and  only  if  rm(s>  rm  <s>  .1 
ls2k (q) ,  with  the  further  proviso,  in  the  case  of  equality, 
that  q  is  a  fixed  point  of  f  *  as  well. 

Proof:  (->)  If  such  a  fixed  point  exists  then  rm(s)  rm  (s) 
1  Is** (q)  from  the  above  Corollary  to  Theorem  7. 
Furthermore,  in  the  case  of  equality,  ls(q)  is  periodic  with 
period  k  and  is  equal  to  rm<s)  rm(s)  ■  ...  By  Theorem  5, 
then,  there  exists  a  fixed  point  x  of  f *  whose  left  or  right 
signature  is  equal  to  1 s  (q ) .  Since  f  is  signature  -distinct 
this  point  x  must  in  fact  equal  q. 


<<— )  Conversely,  if  rm(s)  rm (s)  Is** (q)  the  result  is 
immediate  from  the  Corollary  to  Theorem  7.  If  equal i tv 
holds  and  q  is  a  fixed  point  of  f  *  as  well,  then  it.  is  easy 


to  see  that,  first  of  all,  ls(q;  is  periodic  with  period  l 
and  that,  secondly,  then,  ls(q)  must  in  fact  equ. 
rm(s)  . ..  Again  using  the  Corollary  to  Theorem 
result  follows.  QED 
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VI.  On  Fi:-;ed  Points  ana  Their  Orders 


In  this  section  we  turn  to  characterizing  the 
fixed  point  regimes  of  subbell  functions,  building  upon  the 
material  of  section  V.  Let  f  be  a  given  subbell  in  the 
discussion  that  follows. 

Definition  12:  A  finite  binary  sequence  s  of  length  n  i 
is  said  to  be  of  order  k ,  k  ^  n  if  we  can  write  s  in  the 
form  Si  Si  ...  Si  (p— times),  where  Si  is  of  length  k,  n  = 
pk,  and  si  cannot  be  similarly  decomposed. 

(Thus  a  sequence  consisting  of  only  Is  or  only  Os  is  of 
order  1;  the  five  bit  sequence  10110  is  of  order  five,  and 
the  six  bit  sequence  010010  is  of  order  three.) 


Definition  13:  ;■ 

1,  if 

(i)  f  **  ( x o )  = 


is  a.  fixed  point  of  f  of  order  k ,  k  » 


<ii)  f J (x©)  is  different  from  x0,  for  j  =  l,...,k-l 

Thus  a  fixed  point  of  order  k  first  maps  into  itself  after  k 
iterations  under  f.  Note  that  fixed  points  of  order  1  are 
simply  defined  as  those  points  that  obey  <i)  for  k  =  1. 
Note  also  that  if  x  is  a  fixed  point  of  f K  and  its 
"periodic"  k-signature  is  of  order  k,  then  x  is  in  fact  of 
order  k.  We  state  this  as  a  Lemma: 

Lemma.  2:  If  x  is  a.  fixed  point  of  f  *  and  its  "periodic"  k~ 
signature  is  of  order  k,  then  x  is  of  order  k. 

Proof:  By  contradiction.  Suppose  x  is  of  order  n  <  k. 
Clearly  n  divides  k,  and  x  is  also  a  fixed  point  of  fr’.  Wo 
know  from  Theorem  7  that  either  1  s  <  x )  or  rs  <:: )  is  periodic 
of  period  n .  Suppose  it  is  Is  (:■:).  Then  lsu<)  is  also 
periodic  of  period  k,  since  n  divides  k.  Thus  the 
"periodic"  k-signature  of  x  consists  in  this  case  of  k /n 
copies  of  the  "periodic"  n -signature  of  '  .  A  similar  remark 
holds  if  it  is  rs!;;)  that  it  is  periodic.  In  both  case  then 
the  order  of  the  "periodic"  k-signature  of  x  is  at  most  n . 
QED 


Every  subbell  with  peak  value  q  greater  than  its 
breakpoint  p  has  a  (regular)  fixed  point  of  order  1,.  having 
signature  ill  ...  Term  tl is  point  the  non  trivial  fixed 
point  of  order  1  of  f .  ( f  has  a  trivial  f i: ed  point  or  0. 
of  course.)  For  all  k,  the  k- -signature  of  T  s  non-trn  xal 
fixed  point  is  1** ,  and,  by  definition,  is  in  SK.  Since  the 
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condition  q  >  p  can  be  equivalently  phras  .d  as  IsMq)  =  1, 

we  can  summarize  this  simple  observation  as 

Lemma  3:  1+  Is1  (q)  =  1,  then,  -for  all  k  *  1,  the  sequence 

1“  is  in  S“. 

We  are  motivated  to  next  look  at  certain  k— bit  sequences 
containing  a  single  0.  The  reasons  for  this  will  be  made 
clear  below.  By  imposing  a  somewhat  stronger  condition  upon 
q  we  have; 


Theorem  9: 
in  S*  „ 


If  Is 2 ( q )  =  10  then,  for  all  k 


F'roo-f :  Clearly  the  Theorem  holds  for  k  =  2.  Assume  then 
that  k  >  2.  Mow  the  conditions  of  this  Theorem  are 
stronger  than  those  of  the  above  Lemma;  hence  lk"2  is  in 
Sk-2.  From  Theorem  3,  we  then  have  that  01*~3  is  in  3k" x • 


since  it  is  clear  that  lk'2  < 
10.  Similarly  10 l*"2  is  in  S‘ 
QED. 


(q)  as  ls(q>  begins  with 


since  0 1  u ' 


lsk-1 iqi  al so. 


The  condition  ls2(q)  =  10  is  a  fundamental  one  for  subbells, 
since  it  must  hold  if  any  fixed  points  of  order  greater  than 
two  are  present.  Since  it  is  the  study  of  such  fixed  points 
that  is  of  particular  interest  here,  we  will  restrict  our 
attention  to  such  subbells,  terming  them  Nell-structured. 
We  of  course  need  to  demonstrate  the  above  claim. 

Theorem  10:  If  ls2<q)  is  not  equal  to  10,  then  f  has  no 

fixed  points  of  order  greater  than  two. 

Proof:  We  essentially  argue  by  contradiction ,  looking  at 

the  various  ways  that  1 s2 ( q )  can  not  equal  10. 

Case  1:  Is (q)  begins  with  a  0 

The  argument:  In  this  case,  q  p.  Since  q  is  the  peak 
value  of  f,  it  follows  that  for  all  x  in  CO,  II,  f(x>  «  p. 
Assuming  that  •:  is  a  fixed  point  of  order  greater  than  two 

it  must  be  that  f  (x)  and  f  *  ( :< )  are  unequal.  If  f  2  <  x  >  is 

less  than  f (x) ,  then  by  the  monotonicity  of  f  on  CO, pi  and 
the  above  observation  that  range (f)  is  a  subset  of  C 0 , p  1  ,  it 
is  immediate  that  for  all  j  *  1,  M  "*• 1  ( x )  -Mix).  In  other- 

words,  CfJ(x)I  is  a  decreasing  sequence  and  thus  x  is  not  a 
fixed  point.  Contradiction. 

One  can  similarly  argue  the  case  where  f2(x>  is  greater 
than  f  (;  :>  ,  deducing  that  -CM  <x )  >  i  s  increasing ,  and  that 
is  thus  not  a  f i xed  point.  Again  a  contrad ; ction  arises. 

Case  2:  1 s  (q)  begins  with  il 
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The  argument:  Suppose  x  is  a  -fixed  point  of  order  greater 
than  two.  There  are  -several  subcases  based  upon  the  form 
that  the  signature  of  x  may  take. 

case  2a:  sig(x>  contains  no  1's 

Mo  iterates  of  x  are  greater  than  p.  In  particular  it 
must  be  that  x  <  f<x)  p  or  f(x>  <  x  P-  (:<  cannot 
equal  f (x) ,  or  it  would  be  a  fixed  point  of  order  1).  We 
can  argue  as  in  Case  1  that  CfJ(x)l  is  either  an  increasing 
or  decreasing  sequence,  and  hence  x  cannot  be  a  fixed  point. 

c ase  2b :  si g  ( x )  c on t a i ns  no  0 " s 

No  iterates  of  x  are  less  than  p.  Let  us  say,  for  real 
numbers  a.b.and  c  in  CO, 13  that  b  is  bet  ween  a  and  c  if 
either  a  <  b  <  c  or  c  <  b  <  a.  It  is  easy  to  prove  that  if 
a,b,  and  c  are  all  greater  than  or  equal  to  p,  then  if  b  is 
between  a  and  c,  f (b)  is  between  f (a)  and  f(c). 

With  the  order  of  x  greater  than  two,  x,  fix) ,  and 
fa (x )  are  all  different.  Thus  one  of  them  is  between  the 
other  two.  We  thus  have  three  possibilities  for  "case  2b". 

1)  If  *  f (x)  is  between  x  and  f  3  ( x  >  we  reason  as  follows:  if 
f  ( x  >  >  x  then  from  the  definition  of  "between",  on  the  one 
hand,  fCx)  <  f3(x>,  but  with  all  iterates  of  x  p,  on  the 
ot her  hand,  f ( x )  f 3 ( x )  .  Con  tradiction.  A  si  mi  1 ar 
contradiction  arises  if  f(x>  <  x.  Thus  f(x)  is  not  between 
x  and  f  3 ( x ) . 

2)  If  f 3  (x )  is  between  x  and  f (x)  we  argue  as  follows:  By 
our  observation  above,  for  all  i  ^  0,  fi"H3(x)  is  between 
f 1 < x )  and  f 1 +1 (x ) .  But  this  i mpl i es  that  /f 1 *3 ( x i-f 1+1 ( x ) / 
<  /f 1  1  <  ;< )  -  f  1  ( x  )  /  ,  and  hence  the  distance  between  successive 
iterates  of  x  is  strictly  decreasing.  But  this  sequence  of 
distances  must  be  periodic  if  x  is  a  fixed  point. 
Centred i ct i on  . 


3)  If  x  is  between  f ( x )  and  f3(x)  the  argument  is  similar  to 
that  of  possibility  "2"  above.  For  all  i  0 ,  f 1  (x  >  is 
between  f ^ 1  < x  >  and  f  *  •►»  ( * )  ,  and  thus  the  distance  between 
successive  iterates  of  x  is  strictly  increasing,  again 
leading  to  a  contradiction. 


case  2c:  •=  i  g  •  x  >  contains  both  0's  and  1  s 

This  i  s  the  last  and  most  interesting  case  to  consider.. 
We  have  noted  that  Is  (qi  is  shift  maximal:  hence ,  si.  nee  i  f 
begins  with  11,  it  must  in  fact  be  equal  to  l  J.  j. .  .  .  Mow  with 
x  a  f  i  .i  I’d  point  all  its  l  berates  must  be  q,  since  the 


must  be  •-  g,  -since  the 


are  obv  i  ousl  y  in  the  range  of  f  .  Hence,  by  theorem  4  ,  the- 
left  and  right  signatures  of  all  of  s  iterates  must  be  ' 
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ls(q)  =  111...  Thus  no  such  left  or  right  signature  can  be 
of  the  -form  10...  It  is  easy  to  argue  -from  this  that  with 
sig(x)  periodic  of  period  greater  than  2,  and  of  necessity 
containing  0's  and  l's,  this  constraint  cannot  be  met. 


This  completes  the  proof  of  the  Theorem.  QED 

Theorem  11:  Let  f  be  well-structured.  Then  f  has  fixed 
points  of  order  k,  k  odd,  and  greater  than  or  equal  to  3,  if 
and  only  if  it  has  a  fixed  point  x0  of  f  *  with  "periodic11 
k-signature  equal  to  101*“*. 

Proof:  (<->  Since  the  sequence  101*~*  is  of  order  k ,  it 
follows  that  ;<o  is  of  order  k  from  Lemma  2. 

<->>  Let  y0  be  a  fixed  point  of  order  k,  k  odd,  k  >  3.  Let 
s  be  its  "periodic"  k-signature,  and  assume  s  is  not  equal 
to  101*“*.  s  cannot  equal  0*,  for  if  it  did,  then  either 
ls<y0)  or  rs(y0)  would  be  000...  (in  fact  it  would  be 
ls(yo) )  and  thus  y0  and  all  its  iterates  would  be  *  p.  By 
arguing  as  for  "Case  1"  in  the  proof  of  Theorem  10  we 
arrive  at  the  conclusion  that  y0  cannot  be  a  fixed  point  of 
order  greater  than  2,  a  blatant  contradi cti on .  Thus  s  is 
not  0k.  Similarly  s  cannot  be  1*,  for  we  would  have  ls(y0> 
or  rs<y,:>)  =  111...  and  thus  y0  and  all  of  its  iterates  would 
be  ^  p.  By  arguing  as  in  "case  2b"  in  the  proof  of 
Theorem  10  we  conclude  again  that  y0  is  not  a  fixed  point. 

Thus  s  is  not  0k  or  lh.  It  it  is  easy  to  prove*'  that 
if  k  is  odd  and  s  is  different  from  0*  or  1*,  then  rm(s)  * 
101k-“a,  From  Theorem  7,  rm(s)  rm(s)  <  l52k(q)  .  Thus  we 
have  101*~*101*“*  ls2k(q)  as  well.  Using  Theorem  7 
again,  the  proof  is  complete.  QED 

We  next  prove  a  result  which  shows  how  the  presence  of 
fixed  points  of  certain  orders  implies  the  existence  of 
fixed  points  of  other  orders. 

Theorem  12:  Let  f  be  wel 1  — structured .  If  f  has  a  fixed 
point  of  order  k,  k  odd,  k  >  1,  then  f  has  fixed  points  of 
orders  k-l,k+l,  and  k+2. 

Proof:  Assume  f  has  a  fixed  point  of  order  k,  k  odd  and 
greater  than  1.  From  Theorem  11  there  is  a  fixed  po  i  n  t  x  o 
of  fk  whose  periodic  k-signature  is  101*-*;  from  the 
Corollary  to  Theorem  7,  using  the  rotation  maximal itv  of 
Id*-*,  we  thus  have  101*~=101*“*  ^  ls**(q). 

Consider  the  sequence  101*-*,  which  we  will  denote  by 
s».  It  is  of  order  k+1  and  is  itself  rotation  maximal.  If 
we  can  argue  that  SiS,  <  ls=*--*(q>  it  will  follow  from  this 
Corollary,  that  there  is  a  fixed  point  of  f*-»  with  periodic 
(k+1) -signature  s,.  From  Lemma  2  it  will  follow  that  this 
fixed  point  is  of  order  k+1. 


We  do  argue  this  as  fallows.  Look  at  the  leftmost  k  +2 
bits  of  SiSi  and  of  101  *-=.  The  former  is  101u;  the 

latter  101**~10.  Since  k  is  odd,  101**  is  less  than  lOl**- *0. 
Thus  the  leftmost  2k  bits  of  s,si  are  less  than  101  *  ~3i01 
and  thus  less  than  ls=k (q) ;  so  s»si  itself  is  less  than 
1 s3*33  (q >  ,  as  desired. 

The  remainder  of  the  proof  is  along  similar  lines.  To 
obtain  the  fixed  point  of  order  k+2  we  look  at  the  sequence 
=  101*.  It  is  rotational  maximal,  of  order  k+2  and  can 

readily  be  shown  to  be  obey  sasz  <  ls3*3*(q).  From  the 

Corollary  to  Theorem  7,  and  from  Lemma  2,  we  deduce  the 
existence  of  a  fixed  point  of  f*33  which  is  of  order  k+2. 

To  obtain  the  fixed  point  of  order  k— 1  we  look  at  the 
sequence  s3  =  101*-3.  This  is  of  order  k-1,  is  rotational 
maximal  and  obeys  s3s3  <  1 s3*-3 <q >  .  The  proof  is  complete. 
QED 


Thus  when  a  wel 1 -structured  subbell  has  fixed  points  of 
order  k,  k  odd  and  >  1,  it  has  fixed  paints  of  orders  k- 
l,k+l,  and  k+2.  Since  k+2  is  odd,  we  can  re-apply  Theorem 
12  to  deduce  the  presence  of  fixed  points  of  orders  k+3,  and 
k+4,  and,  continuing  in  this  fashion  we  come  to  the 
conclusion  that  if  f  has  fixed  points  of  order  k0 ,  k0  odd 
and  >  1 .  it  has  fixed  points  of  all  orders  ±  k0~l . 

In  particular,  then,  it  follows  that  if  a  well- 
structured  subbell  has  fixed  points  of  order  three  it  has 
fixed  points  of  all  orders,  since  it  certainly  has  the  non¬ 
trivial  fixed  point  of  order  1.  This  conclusion  is  akin  to 
that  derived  in  reference  4;  unlike  the  results  derived 
therein,  however,  our  "test"  for  this  chaotic  condition  is 
far  simpler  in  the  case  that  f  is  signature-distinct: 

Theorem  13:  Let  f  be  an  arbitrary  wel 1 -structured 
signature-distinct,  subbell.  Then  f  has  fixed  points  of  all 
orders  if  and  only  if 

rs’(q)  =  100 

Proofs  (->)  Suppose  the  above  condition  on  rs3(qi  does  not 
hold.  We  will  show  that  f  has  no  fixed  point  of  order 
three,  contradicting  the  hypothesis  of  the  Theorem.  The 
sequence  100  is  the  largest  three  bit  sequence.  If  rs3(q> 
does  not  equal  100,  then,  it  must  be  less  than  it. 
Combining  this  observation  with  ls3(q)  =  10,  it  is  immediate 
that.  sig*(q)  =  10  and  rs*(q)  =  ls3<q>  =  101.  Thus  siq3iq> 
is  regular,  and  q  is  not  a  fixed  point  of  f3. 

The  sequence  Is  <q>  is  shift-maximal;  since  1 s3 ( q )  - 
101,  we  thus  have  ls*(q>  <  101101.  We  thus  deduce  that  f 
has  no  fixed  point  with  periodic  3-signature  101,  for  were 
there  to  be  one,  it  would  follow  from  the  Coroll arv  to 
Theorem  7,  that  1 sA < q )  =  101101,  and  that,  further,  by 
Theorem  S,  that  q  is  a  fixed  point,  of  f3,  contradict l nq  the 
above  remarks.  But  if  f  has  no  fixed  point  with  period’  c 


signature  lol  it  has  no  fixed  points  o-f  order  o  at  all  from 
Theorem  11.  The  conclusion:  rs3(q)  =  100. 

(<-)  Suppose  that  rs3(q)  =  100.  If  sig3(q)  is  regular,  then 
ls3(q)  is  also  100,  and  thus  101101  <  lsA(q) .  By  Theorem 
7's  Corollary,  then,  f3  has  a  fixed  point  with  three  bit 
periodic  signature  101.  This  is  clearly  a  fixed  point  of 
order  3,  and  thus  by  our  remarks  preceding  the  statement  of 
this  Theorem,  f  has  fixed  paints  of  all  orders.  If  sig3(q) 
is  irregular  then,  since  ls3<q)  =  10  (f  is  well-structured) 
it  must  be  that  sig3<q>  =  10—.  Thus  q  is  a  fixed  point  of 
f3,  since  p  maps  to  q.  Further ,  its  order  is  3.  It  then 
follows  again  that  f  has  fixed  points  of  all  orders.  QED 

We  therefore  need  examine  only  the  first  three  bits  of 
the  right  signature  of  the  peak  value  g  of  a  Nell-structured 
signature-distinct  subbell  to  determine  the  presence  of 
c  h  a  o  s  m 

From  the  viewpoint  of  economy  of  computation,  we  need 
only  look  at  how  p  compares  with  f<p),  f*(p),  and  f3(p>.  As 
an  example,  consider  the  family  of  "symmetric  tent"  maps 
shown  in  Figure  3.  These  maps  are  all  signature-distinct 
since  with  a  >  1/2  they  are  piecewise  strictly  expansive. 
Further,  when  a  >  1/2  it  is  easy  to  deduce  that  ls3(q)  =  10; 
they  are  thus  well-structured.  It  is  readily  demonstrated 
that  rs3(q)  will  equal  100  if  and  only  if  a  *  ( 1+sqrt (5) > /4 , 
i.e.  chaos  will  be  present  when  a  is  in  C ( 1+sqrt (5) > /4 , 1 3 . 


VII.  Unimodals  and  Subbells.  Extensions  of  the  Theory. 

Let  us  turn,  in  this  final  section,  to  the  case  of  the 
more  general  uni  modal  function  (Definition  1).  Although  we 
could  directly  re-examine,  result  by  result,  our  just 
developed  theory  to  see  which  results  generalize  to  unimodal 
functions,  we  pursue  a  more  interesting  approach  in  the 
paragraphs  that  follow.  For  lack  of  space  we  focus  on 
generalizing  just  the  key  result  of  this  paper  —  Theorem 
13. 

Let  f  be  a  given  unimodal,  with  f (0)  =  a,  f(l)  =  b,  0  . 
a,b  <  1,  and  breakpoint  p  in  (0,1),  peak  value  q  =  f(p). 
Define  the  auxiliary  map  h:  CO, 13  — >  C  1/4,3/43  via  h(x>  -~ 
(2x+l)/4.  Thus  h  is  a  linear  map,  mapping  0  to  1/4  and  1  to 
3/4.  The  map  h_1  :  Cl/4,3/43  ->  CO, 13  is,  of  course, 
defined  as  well,  and  obeys  h-1(y)  =  (4y-l)/2.  The  reader 
will  observe  that  there  is  nothing  "sacred"  in  the  values 
1/4  and  3/4;  we  have  chosen  them  with  the  goal  of  appending 
simple  "steep  linear  legs"  to  the  unimodal  —  a  fact  that 
will  be  apparent  from  the  discussion  below.  The  reader  will 
also  observe  that  we  have  assumed  that  both  a  and  b  are 
positive.  If  either  is,  in  fact,  0,  then  a  strai ghtf orward 
mod if i cat ion  of  the  arguments  below  will  be  called  for. 
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These  cases  entail  creating  a  "single-legged"  subbell.  I-f 
both  a  and  b  are  0  we  have  the  case  of  the  subbel  1  itsel-f, 
of  course,  and  there  is  nothing  to  discuss. 


Consider  the  mapping  f~: 
f  ol lows: 


CO,  13  —  >  CO,  13  defined  as 


f-<z>  =  4h(a)z,  it  0  1  z  i  1/4 

=  hfh~»(z),  i-f  1/4  <  z  1  3/4 
=  4h  <b)  <  1— z  )  ,  i-f  3/4  <  z  1  1 

These  various  maps  are  all  shown  in  Figure  4.  Note,  in 
particular  that  -f ~  maps  Cl/4,3/43  into  Cl/4, 3/43.  Thus  any 
point  that  gets  mapped  by  f~  into  Cl/4,3/43  becomes 
"trapped"  there  under  -further  iteration.  This  concept  is 
central  to  the  results  prsented  below. 


Lemma  4:  f~  is  a  ■ 
value  q~  =  h(q). 


subbell  with  breakpoint  p*  =  h(p),  and  peak 


F'roo-f :  Note  -first  that  ■f*  is  continuous  and  that  f*(0)  = 
f*(l)  =  0.  Further,  consider  the  behavior  of  f~  on 
C0,h(p)3.  h<p)  of  necessity  is  >  1/4,  since  p  is  >  0;  it  is 
also  <  3/4,  since  p  <  1.  Thus  only  the  first  two  equations 
above  apply.  For  z  in  CO, 1/43,  of  course,  f~(z>  is  strictly 
monotone  increasing;  for  z  in  Cl/4,h(p>3,  h'-*<z>  strictly 
increases  from  0  to  p;  fh_1<z)  thus  strictly  increases  from 
a  to  q,  and  thus  f“(z>  strictly  increases  from  h(a)  to  h(q;. 
Conclusion:  f*  is  strictly  monotone  increasing  on  C0,h<p)3. 
By  similar  reasoning  f*  is  strictly  monotone  decreasing  on 
Ch(p),13.  The  Lemma  follows.  OED 


Term  this 
subbell  of 
.interesting 
concepts  of 


artificially  created  subbell  the  associated 
the  uni  modal  f.  f~  obeys  several  more 
properties.  We  begin  by  noting  that  the 
fixed  points  and  their  orders,  although  defined 


for  subbells,  naturally  extend  to  unimodals  as  well. 

Lemma  5:  Suppose  that  y  in  (0,1)  is  a  fixed  point  of  f  **< , 
for  some  k  >  0.  Then  x  in  fact  must  be  in  Cl/4,3/43  and, 
further,  h-1(x)  is  a  fixed  point  of  f If  x  is  of  order 
k,  then  so  is  h”1  (x)  . 


Proof :  We  first  argue  that  x  must  be  in  C 1/4, 3/4 3.  If  not, 

there  are  two  possibilities:  x  is  in  (0,1/4),  or  x  is  in 
<3/4,1).  In  the  former  case  the  iterates  of  +  "  on 
increase  as  4h(a)x,  ( 4h ( a ) ) 2x , . . .  until  one  of  these  values 

leaves  the  interval  (0,1/4).  This  will  happen,  since,  with 
a  in  (0,1),  4h (a)  is  in  (1,3),  and,  in  particular,  is 
greater  than  1.  When  it  leaves  (0,1/4)  it  must  thus  go  to  a 
value  in  Cl/4,3/43.  It  will  then  be  captured  m  C  i  ,-'4,3/4  3  , 
as  noted  earlier.  Thus  x  can  never  return  to  <0,  !  and 


is  not  a  -fixed  point  of  f®“,  for  any  value  of  k  >  0.  A 
similar,  but  more  subtle,  argument  allows  us  to  conclude 
that  x  is  not  in  (3/4,1). 

Points  in  (3/4,1)  of  necessity  map  into  (0,h(b)).  If  x 
is  in  ( 1-1 / 16h (b > , 1 >  it  maps  to  (0,1/4),  and  by  the  argument 
above,  can  never  return  under  subsequent  iterations  to 
(3/4,1).  If  x  is  in  (3/4 , 1-1 / 16h (b ) )  it  maps  to  (1/4, h(b)); 
but  this  is  a  subset  of  (1/4, 3/4)  and  hence  x  again  is 
captured.  Conclusion:  if  such  a  fixed  point  of  f®*  exists 
it  must  be  in  C 1/4, 3/43. 

The  remainder  of  the  proof  comes  quickly.  With 
C 1/4,3/41  closed  under  f*  we  argue  as  follows:  f®K(x)  = 
hfK'h-1(x)  with  x  in  Cl/4,3/43.  Thus  if  f®“(x)  =  x,  it 
follows  immediately  that  f*(h-1(x>)  =  h“Mx>.  That  the 
orders  of  x  and  h-1(x>  agree  is  clear.  QED 

Corollary:  Other  than  the  trivial  fixed  point  of  0,  all 
other  fixed  points  of  f®  are  in  Cl/4,3/43  and  are  images 
under  h  of  fixed  points  of  f  of  the  same  order. 

The  "converse"  to  this  Lemma  also  holds  and  we  state  it 
without  proof: 

Lemma  6:  If  x  is  a  fixed  point  of  f1*,  for  some  k  >  0,  then 
h(x)  is  a  fixed  point  of  f*(x).  This  fixed  point  is  in 
Cl/4,3/41  and  its  order  agrees  with  that  of  x. 

Corollary:  f  has  fixed  points  of  all  orders  if  and  only  if 
f®  does,  i.e.  f  is  chaotic  if  and  only  if  f®  is. 

Proof:  Necessity  is  immediate  from  Lemma  6.  As  for 
sufficiency  we  note  that  all  fixed  points  of  f®  of  order 
greater  than  1  are  in  C 1/4,3/41  by  Lemma  5,  and  are  images 
of  fixed  points  of  f  of  the  same  order.  f®  has  a  fixed 
point  of  order  one  in  C 1/4,3/41  also;  thus  f  has  a  fixed 
point  of  order  one.  QED 


Finally  we  explore  the  issue  of  chaos.  The  notions  of 
signatures,  wel 1 -structuredness ,  and  signature-distinctness 
generalize  rapidly  to  unimodals  in  a  straightforward  way. 

Theorem  14:  If  f  is  wel  1 —structured  and  si  gnature — di  st  i  net- 
then  so  is  f®.  If  f  is  so  behaved  then  f  has  fixed  points 
of  all  orders  if  and  only  if  rs3(q)  =  100,  where  the 
signature  is  taken  with  respect  to  f. 

Proof:  We  begin  by  noting  that  for  any  x  in  CO, 11  the  f  - 
signature  of  x  is  identical  with  the  f®  -  signature  of  h(x>. 
Similarly,  for  x  in  Cl/4, 3/41,  the  f  — signature  of  h“ 1 <  x  >  is 
identical  with  the  f “-signature  of  x.  Thus  if  isz(qi  -  10 
for  f  it  must  be  that  ls2(q*!  =  10  for  f“,  and  conversely. 
In  other  words  f  is  wel 1 -structured  if  and  only  if  f®  is. 
The  si gnature-di st i nctness  of  f  certainly  implies  the 


si gnature— di sti nctness  of  t*  over  the  interval  El/4, o/4]. 

That  f“  is  signature-distinct  over  all  of  CO, 11  results 
from  the  following  argument. 

Define  the  capture  time  of  a  point  ;•<  in  CO,  ID  to  be  the 
smallest  k  ^  0  for  which  f^^Cx)  is  in  Cl/4, 3/4].  Clearly  if 
;<  itself  is  in  Cl/4,3/4]  its  capture  time  is  equal  to  0. 
Take  two  arbitary  distinct  points  x»  and  xa  in  CO,  13.  Let 
ki  and  ka  denote  their  respective  capture  times.  Set  k  = 
max  (kj  ,k2)  .  One  of  two  cases  occurs.  sig(::,)  and  sig<xa) 
either  agree  through  the  first  k+1  positions,  or  they  do 
not.  In  the  latter  case  the  signatures  differ,  obviously, 
and  we  are  done.  In  the  former  case  it  follows  that  yx  = 
f~“<Xi)  and  yz  =  f*‘‘<:;z)  are  also  distinct  <by  the  strict 
piecewise  monotonicity  of  f~  and  the  obvious  fact  that  we 
have  faithfully  tracked  pieces  together  to  this  point). 
Furthermore,  all  their  iterates  are  in  Cl/4,3/4],  by  the 
"capturing  property".  By  the  just  deduced  signature- 
distictness  of  f*  on  C 1/4, 3/4]  then,  sig(y1)  will  differ 
from  sig(ya>. 

Thus  if  f  is  si gnature-di sti net ,  f*  is.  The  remainder 
of  this  Theorem  follows  immediately  from  the  fact  that  if 
rs3(q)  =  100  for  f,  then  rs3(q*)  =  100  for  f*.  Applying 
Theorem  13  and  the  above  Corollary  completes  the  proof.  QED 


VIII.  Conclusions 


This  paper  has  presented  a  variety  at  results 
concerning  the  fixed  paint  structure  of  certain  maps  defined 
over  the  unit  interval.  The  underlying  common  thread  of  the 
developed  theory  has  been  that  of  the  signature  of  a  point 
and  of  its  role  in  characterizing  the  map  s  orbital 
behavi or . 

From  an  exposi ti onal  point-of-view  this  signature-based 
theory  is  appealing;  it  is  minimally  dependent  upon  advanced 
measure-theoretic  concepts  typically  found  in  the 
literature,  and  needs  no  a  priori  assumptions  on  functional 
form  such  as  di  f  f  erenti  abi  1  i  ty ,  linearity,  or  convexity. 

The  authors  are  currently  addressing  the  most 
significant  restriction  inherent  in  parts  of  this  paper: 
si gnature— di sti nctness.  We  are,  more  specif ical ly,  seeking 
to  see  whether  Theorems  13  and  14  indeed  hold  when  the 
signature-distinctness  condition  is  removed,  or  whether  this 
condition  is  indeed  necessary.  Appropriate  counterexamples 
will  be  produced  in  this  latter  case. 
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